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o - - -
pen Access The notion of pseudo-spherical surfaces (pss) (surfaces of a constant negative

curvature k=-1) appeared in geometry in the middle of the nineteenth

century. It was an important step in the development of mathematics. Pss
become the final factor in the visual interpretation of non-Euclidean hyperbolic
geometry discovered by Klingenberg [1]. The further development of mathe-
matics found a close connection between pss and theory of nets, theory of
solitons, attractors, some nonlinear evolution equations (NLEEs) of mathe-
matical physics, Baicklund transformations (BTs), and so on [2] [3] [4] [5]. The
connection between geometry and the nonlinear partial differential equations
(NLPDEs) has been studied in mathematical physics for more than a century.

For instance, the classical Liouville equation describes minimal surfaces in the

DOI: 10.4236/ajcm.2017.72015 June 22, 2017



http://www.scirp.org/journal/ajcm
https://doi.org/10.4236/ajcm.2017.72015
http://www.scirp.org
https://doi.org/10.4236/ajcm.2017.72015
http://creativecommons.org/licenses/by/4.0/

S. M. Sayed, N. O. Al-Atawi

space E®, and the sine Gordon equation is related to the geometry of pss, ie.,
surfaces with a negative Gaussian curvature [6] [7] [8] [9].

Conservation law plays a vital role in the study of nonlinear evolution
equations, particularly with regard to integrability, linearization and constants of
motion. In the present paper, it is shown that infinitely many conservation laws
for certain nonlinear evolution equations are systematically constructed with
symbolic computation in a simple way from the Riccati form of the Lax pair.
Noting that the Lax pairs investigated here are associated with different linear
systems, including the generalized Kaup-Newell (KN) spectral problem, the
generalized Ablowitz-Kaup-Newell-Segur (AKNS) spectral problem, the gene-
ralized AKNS-KN spectral problem and a recently proposed integrable system.
Therefore, the power and efficiency of this systematic method are well under-
stood, and we expect it may be useful for other nonlinear evolution models, even
higher-order and variable-coefficient ones [10]-[15].

Hamiltonians are of great importance in their own right and have found a
remarkable number of applications in both physics and mathematics. Hamil-
tonians play a central role in the field of integrable systems and also play a fund-
amental role in several others areas of mathematics and physics. Hamiltonians
are often referred to as the master integrable system. Hamiltonians provide as
with a means of generating and classifying many integrable systems and they
also give a unified geometrical framework in which to analyze them. Moreover,
in the context of the inverse scattering transform, an integrable equation admits
well-behaved solutions obtained via the related linear problems [16]-[22].

The main aim of this paper is to use the BTs in the construction of exact
soliton solutions for a new fifth-order nonlinear evolution equation which
describes pss. An infinite number of conservation laws are derived for a new
fifth-order nonlinear evolution equation just mentioned using the corre-
sponding Hamiltonians.

The latter yields directly the curvature condition (Gaussian curvature equal to
—1, corresponding to pseudo-spherical surfaces). This geometrical method
allows some further generalizations of the work on conservation laws given by
Khater et al. [23]. An infinite number of conservation laws for a new fifth-order
nonlinear evolution equation are derived in this way.

The paper is organized as follows. In Section 2, we introduce the inverse
scattering method and apply the geometrical method to obtain Hamiltonian
structure for any nonlinear evolution equations which describe surfaces of a
constant negative curvature. In Section 3, a new exact soliton solution and the
corresponding Hamiltonians are obtained for a new fifth-order nonlinear

evolution equation. Section 4 contains the conclusion.

2. Hamiltonian Structure

The inverse scattering transform method allows one to linearize a large class of
nonlinear evolution equations and can be considered as a nonlinear version of
the Fourier transform [24] [25] [26] [27] [28]. An essential prerequisite of
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inverse scattering transform method is the association of the nonlinear evolution
equation with a pair of linear problems (Lax pair), a linear eigenvalue problem,
and a second associated linear problem, such that the given equation results as a
compatibility condition between them [29] [30] [31] [32] [33]. Consider the
following AKNS eigenvalues problem:

v.=Py, v, =Qy, 1)
where 1//=(W1J, P and Q aretwo 2x2 null-trace matrices
¥,
Ui
P= 2 Q= hB (2)
B , | lc -A)
2

and 7 is a parameter independent of x and £ while ¢ and r are assumed to be

functions of xand ¢ From Equations (1) and (2), we get the following scattering

problem:
Yix zg‘/ﬁ + Qv
. (3)
!//2>< = rl/ll __l/IZ’
2
in which eignfunctions y; and w, evolve in time according to
v =A(X7)p + B(X 67y, @
Wy =C (X't;n)l//l - A(X’t;n)WZ'
The integrability conditions reads
R -Q,+[P.Q]=0, (5)
or in component form
A =qC-rB,
G —2Aq-B,+7B =0, (6)
C,=r+2Ar-nC,
Konno and Wadati [34] introduced the function
r=%, 7)

Y,

Differentiating Equation (7) with respect to x and ¢ respectively, and using
Equations (3), (4) and (7), then Equation (1) are reduced to the Riccati equ-

ations:

or or
—=p—rT?+q, —=2AI'-CI'*+B. (8)
OX ot

Now we construct a transformation I satisfies the potential and then de-
duce a BTs for the considered nonlinear evolution equation

u'=uy+ f(I,7), ©)

where U, is the old solution and U’ is a new solution corresponding non-
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linear evolution equation. In order to determine conserved densities and fluxes,

we can written Equation (8) in the form
or or

C—-r—=(gC-Br C-2Ar)T. 10
=1 =(aC—Br)+ (4C ~2A7) (10)

Adding —rI" to both sides and using Equation (6), then Equation (10) takes

the form of conservation laws

d(rr) a(-A+Cr)

= , 11
ot OX (1)
where rT" are conserved densities and (—A+CI) are fluxes.
From Equation (3), I obtain
Yox _ 1 yp, (12)
¥, 2
then
n
Iny, :—[ijﬂ'rrdx. (13)
By rearranged the first equation of Equation (8) to take the form
n(rF)=—rq+(rF)2—r(Ej : (14)
r X

then, I can expand rI" into a power series in inverse power of 7 as follows
(28]

[ (xtn) = ¢, (x )™ (15)

By the same way, I expand Iny, into a power series in inverse power of 7
so that

Iny, =Hy+Y Hn™, (16)
1=1

where H, and H, are Hamiltonians (conserved quantities), by substituting

(15) into (14), the following system of conservation laws appears

0

2
e > . = (@ (Xt i
> (xt)n l=—rq+[z¢n(x,t)77 J +r[Z[M 7 a7
n=1 n=1 n=1 r X

Now equate powers of 7 on both sides of this expression to produce the set

of recursions,

¢, (x1)

r

n-1
g (xt)==ar, ¢, (x,t)=-rq,, ¢.,=> d (xt)d  (X.t)+ r( ) ,nN>2. (18)
k=1 ‘
Then, by equate powers of 7 on both sides of Equations (13), (15) and (16),
we obtain the infinite number of Hamiltonians may explicitly be determined in
terms of smooth real functions ¢, (x,t) and their derivatives, as follows

H, :—(gj X, H,=[gdx=—[qrdx,
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H, = j¢2dx = —j rg,dx,

Hamiltonians in general form

Mo (x )= [ g@(x,t)qﬁn_k(x,tﬁr[w]

de, nx2. (19)

X

The explicit expressions of the first few order Hamiltonians are
H, = j¢3dx = J'(qzr2 - rqxx)dx, H,= j¢4dx = _f(4r2qqx +rg’r, - rqSX)dx,
H, = I¢5dx = I[BrzqqZX +6rgrq, +4r’g’ +rg’r,, —29°r® - rq4X]dx.

The procedure is clarified in the following example.

3. Soliton Solution and an Infinite Number of Conserved
Quantities for a New Fifth-Order Nonlinear
Evolution Equation

Now we consider a new fifth-order nonlinear evolution equation

5 5 15
U, = U, —Euzu3x —10uu,u,, —Euf +§u4ux, (20)

for u(x,t) which describes a pss. There exist functions fy, 1<i<3,
1< j<2, which depend on u(x,t) and its derivatives such that, for any
solution u of the evolution equation, f; satisfy (5). For Equation (20) we con-

i
sider the functions defined by [33]

-5 5 3 3
f,=u, f,=u, +(?u2 —3772juzx —Euuf +§u5 +5772u3 +9n°u,

f,=n, f,= —77(2u3X —3uu, —677%u, +uu,, —%uf —gu“ —gryzu2 —9774} (21)

fu=2n f,= —77(u3X —32u’u, —3n°u, +2uu,, —u’ —%u“ - 3%’ —1877“].

For any solution u(x,t) of a new fifth-order evolution Equation (20), the

matrices P and Q are

u
7 3
P=| , (22)
n
_+ —_—
2T
h le — f32
2 2
Q= : (23)
le + f32 _i
2 2

where f,,f, and f,, defined by (21). The above matrices P,Q satisfy the

Equation (5). Then the first equation of (8) becomes
oar n

&:E(F_rz —1)+%(1—r2). (24)

If we choose T’ and U’ as
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1
I'=—, 25
r (25)
' a -1
u=-u+4—tanh™T, (26)
OX

then I'" and U’ satisfies Equation (24).

Now we shall choose some known solutions of the above a new fifth-order
evolution equation and substitute these solutions into the corresponding
matrices P and Q. Next, we solve Equations (3) for y, and y,. Then, by
(9) and the corresponding BT we shall obtain the new solutions for a new fifth -
order evolution equation. I choose the known solution is a constant u,, then
substitute U=u, into the matrices P and Q in (22) and (23), then by (1) we

have
dy =y, dx+y,dt = Pydp, (27)
where
P= ! , (28)
Zo,, _N
2 Ty
3ul  3n%u’
p=X+at, a:?°+h+9774. (29)
The solution of Equation (27) is
2p2 3p3
p° P p°P
y/:(exppP)y/O:£|+pP+ 51 + 3 +-~)1//0, (30)

where , is a constant column vector. The solution (30) takes the following

form:

cosh ap+zisinh ap (1—1jsinh ap
(04 (24
w = Vo (31)

(1+ljsinh ap cosh ap—isinh ap
a 2a

1
Now, we choose y, 2(0} in (31) and use (7) and the BT (26); we obtain

the new solution class of the new fifth-order evolution Equation (20) corre-

sponding to the known constant solution U, as follows

2
u=—u, - 4aa csch” ap ~ (32)
1-(b+acothap)

__n
a+n 2a+2n

0
where a= . If we choose y, :(J in (31), we will obtain

another solution. Obviously all of these solutions are traveling waves with

a3

velocity a = +9n*.

From Equations (19) and (22) the first few order Hamiltonians are deter-
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mined by the relation
2
_ n _ u 2 _ u (u
H, _—(ij, H, __I(T_n de, H, _—I?X(Ewyjdx, etc. (33)

From the solution u(x,t) of a new fifth-order evolution equation. This

Hamiltonians (conserved quantities) given by the relation

H, =| _ﬁ ‘it 4’y sinh 2ap
! 4 (20 +1)(—4a —n+ncoth 2ap)

22 (40 — 2050+ an - uon)arctanh( L+ Zl tanh apJ
(04

_ - ;o (34)
(2a+7)2
oo ~4a’ (80:2 — 4uga +8an — Uy + 2n° + (U, — 217) 17 cosh Zap)
2 (4a +n—ncosh 2ap)2
etc.

4. Conclusion

We may hope to find the relationship between the conserved quantities and pss.
The conserved quantities play a central role in the field of integrable systems and
also play a fundamental role in several other areas of mathematics and physics
[35]. In addition, the conserved quantities are a rich source of integrable systems
suggested by the fact that they are the compatibility condition of an associated
linear problem which admits enormous freedom if one allows the associated

gauge algebra to be arbitrary [36].
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