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Abstract

Let 0 < p < 1 and w in the Muckenhoupt class A, .. In this paper, we will characterize the
weighted Hardy spaces in the setting of the Laplace-Bessel differential operators by means of
the high order Riesz-Bessel transforms generated by generalized shift operator. We give the
elemantary result that for certain weight functions w. We also obtain the H Zu,w boundedness of
high order Riesz-Bessel transform within the bounds of some necessary conditions through the
atomic-molecular characterization.
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1 Introduction

The theory of Hardy spaces H? has its origin in the extraordinary discoveries made eighty years
ago. It is one of the most popular work in harmonic analysis and has many applications in partial
differential equations. However, there are important situations in which the standard theory of
Hardy spaces is not applicable, including certain problems in the theory of partial differential
equation which involves generalizing the Laplacian. There is a need to consider Hardy spaces that
are adapted to a differential operator Laplace-Bessel, similarly to the way that the standard theory
of Hardy spaces are adapted to the Laplacian.

It is well known that the Riesz transforms are bounded on classical Hardy spaces. There are
many different approaches to show this classical result [1, 2]. Classical weighted Hardy spaces
HY, have been extensively by [3] and [4], here w is Muckenhoupt’s A, weight. Also, the atomic
characterization of this space has been given by these two authors. Recently, by using the weighted
atom-molecule theory and combined with Garcia-Cuerva’s atomic decomposition for weighted Hardy
spaces HE, (R™), the authors in [2] established that the classical Riesz transforms R;, j =1,...,n
are bounded on Hf (R™). However, in [5], authors defined molecules for weighted Hardy spaces and
proved their molecule characters. As an application they gave sufficient conditions on the kernel
k such that the convolution operator T'f = k * f is bounded on weighted Hardy spaces HZ, (R"),
w € Aj. They also get the HL(R™), 3 < p < 1, boundedness of the Hilbert transform and the

H{(R™), 45 <p < 1, boundedness of the Riesz transforms

The goal of this paper is to study the weighted version of the HZ,,,W Hardy space, where w is assumed
to satisfy the condition A, , of Muckenhoupt. We identify the high order Riesz-Bessel transforms
(3.1) associated to the Laplace-Bessel differential operator, and also show that this singular integral
operator are bounded on H Z,,,w Hardy space setting by atomic-molecular characterization.

Throughout this paper, C' denotes a positive constant which is independent of the parameters, but
may change from line to line. Also, a subscript is added when we want to make clear its dependence
on the parameter in the subscript.

Let us briefly describe our motivations. Denote R’ , the part of the Euclidean space R™ of points
x = (z1,...,Tn), defined by the inequality z, > 0. We write x = (z',2,), ' = (z1,...,Tn_1) €
R"™ ', B(z,r) = {y € R} ; |z —y| < r}. For any measurable set B C R’} we define |B|, = [, =/ dz,
where v > 0. Then |B(0,7)|, = w(n,v)r?,Q = n + v, where

T I ()

(JJ(n, 7/) = /B(OJ) CL‘,VLd.T = m

An almost everywhere positive and locally integrable function w : R} — R will be called a weight.
We shall denote by L%, , = L, ,(R}), 1 < p < oo the space of all measurable functions f with a

finite norm
1/p
sz, = ([ 1@t

T
For the case w = 1, the space L%, ,(R%}) is denoted by L}(R%), and the norm |||,z by [Ifll.z-

The Fourier-Bessel transform on S;, Schwartz space of rapidly decreasing smooth functions, are
defined by

F,f(x) = fly)e @05, =1 (Tnyn) yndy, (1.1)

n
RY



Keskin and Ekincioglu; JAMCS, 23(4): 1-10, 2017; Article no.JAMCS.35205

where (z'y’) = z1y1 + ... + Tn—1Yn—1, Juv, ¥ > 0, is the normalized Bessel function, and C,, =
2m)" 12" (v + 1) /2) = 2w(2,v).

This transform is associated to the Laplace-Bessel differential operator

L 2 v 0
=2 502t o an

=1

v > 0.

The expression (1.1) is a hybrid of the Hankel transform in the z,-variable and the ordinary Fourier
transform on R"~!. These transforms and related problems for singular PDE and fractional integrals
were studied by I. A. Kipriyanov and his collaborators K. Trimeche, by J. Peetre, K. Stempak, I.
A. Aliev, V. S. Guliyev, I. Ekincioglu, and others.

The generalized shift operator is defined by the following way:

TV f(z) = Cl,/ f (w' — ', V22 — 22,yn cos 0 + y%) sin” ' 0do,
0

where C, = 72T (M40 (£)]7" (see [6, 7]). Note that this operator is closely connected with

Laplace-Bessel differential operator.

Let f,g € LY(R%}) and TY be the generalized shift operator. Then, the expression

(f®g)(z) = (YT g(x)yndy

f
Ry

is called A, -convolution.

2 A,, Weights, Atoms and Molecules

In this paper, a weight means the A, , weight. Let us recall the definition and properties of A, ..

Definition 2.1. The weight function w € A4, ,(R7}) for 1 < p < oo, if

_ v — =1 v p-l
sup |E|l,1/w(y)yndy<|E|Vl/wp—1 (y)yndy) < oo
E E

xeRi
and w € Ay, (R%), if there exists a positive constant C' such that for any = € R}
—1
|E|," /ij(y)yZdy < Cess inf w(y).
yeE
E

Aco,y = Up>1A4p,,. The properties of the class A, (R} ) are analogous to those of B. Muckenhoupt
classes. In particular, if w € A, ,(R}) for 1 < p < oo, then w € A, (R}) for all » > p and
w € A, (R}) for any 1 < g < p. We denote by guw,, = inf{g > 1:w € A, } the critical index of w,
and set the weighted measure w(E) = |E|,w = [, w(z)z,dz. Tt is clear that this measure satisfies
the following doubling condition [8, 9].

Lemma 2.1. Let w € A,,, p > 1. Then, for any cube E and and X\ > 1,
wAE) < CATIPy(E),

where C' is independent of cube E and fized point .
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A close relation to A, . is the reverse Holder inequality. If there exist 7 > 1 and a positive constant

C' > 0 such that .
1 / - y )7 < 1 / y )
— [ w'(2)x, dx <C|—= [ wx)r,dx |,
(. [ 2], |

E E
for every cube E C R’}, we say that w satisfies the reverse Holder condition of order r and write
w € RH,,. It follows from this inequality that w € RH,, implies w € RH,, for s < r.

Lemma 2.2. Letw € Ag,, NRH,,, ¢ > 1 andr > 1. Then there exists constants C1,C2 > 0 such

that o
Ifl)q w(I) (II\)T
Ch (* < —= < Cof )
|E| w(E) |E]
for any measurable subset I of a cube E.
Lemma 2.3. Let r > 1. Then w" € A, if and only if w € RH, ..

These two lemmas above are easily obtained using by similar method in [10].

Similarly to the classical Hardy spaces, the weighted Hardy space H wa, p > 1 can be defined in

terms of maximal functions. Let ¢ be a function in S(RY ), Schwartz space of rapidly decreasing

smooth functions with [, ¢(z) z};dz = 1. Define ¢;(z) =t " Vo(t"'z),t > 0,z € R}, and the
+

B-maximal function M, f by M, f(z) = sup|(f ® ¢¢)(x)|. Then HY  consists of those tempered
t>0 ’

distributions f € S'(R?t) for which M, f € L%, , (R%) with || f[zz = ||M. |1z, In the theory

of Hardy spaces, the atomic decomposition theory is very importan‘é. In the weighted Hardy spaces,
there is also atomic decomposition theory.

w

The notion of atoms and the so-called atomic decomposition theorem in H ZV space is as follows:

Definition 2.2. Let 0 < p <1 < ¢ < oo with p # ¢ such that w € A, with critical index ¢, .
Set [.] as the integer function. A (p,q, s)-atom a(x) is a function in L, ,(R%}) which satisfies the
following properties:

(i) a be supported on a cube E, namely, supp a C E,

(iii) [, a(z)z®zhde =0 for all s with |a| <s, s> [(Q + k) (*2x — 1)].

P

(i) lla(@)l|pg,, < w(E)7~ %,

Theorem 2.4. Suppose 0 < p <1 andw € Ao,,.. Then for any f € HY there exist a sequence

vow’
of scalars \j, and a sequence a; = {a;} of (p, 00, s)-atoms with respect to w such that f = > Aja;
=1

j=
with

[e o]
>IN < Ol
DNy ,w
j=1
Let HZ’Z‘; denote the space consisting of all tempered distributions ,for which belong to L%, , (R%})
weighted Lebesgue spaces, admitting a decomposition f = > Aja;, where a;’s are w-(p, ¢, s) atoms.
i=1

j=
If {a;} is a sequence of HY  -atoms and {);} € {;, then the series

F=2 Aja;
j=1
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converges in the sense of distributions and its sum f belongs to HZV with

Noaol) =t { = AP ’ 3

where the infimum is taken over all the decompositions of f.

Moreover, we have the following properties.

Theorem 2.5. If both triples (p,q1,s) and (p, gz, s) satisfy the conditions in Definition 2.2, then
HRT> = HRP:. For all g, the sizes Npq,s(f) are equivalent.

Theorem 2.6. All (p,q, s)-atoms with respect to weight w are elements of szw with its sz,w
norm is bounded by a constant independent of the atom.

Theorem 2.7. All spaces HX", coincide with HX ., and Npqs(f) =~ [z provided the
triple (p, q, s) satisfies the conditions in Definition 2.2.

The weighted molecules corresponding to the weighted atoms described above can be defined in the
following.

Definition 2.3. For 0 < p <1< ¢ < ooandp # g, let w € A,,, with critical index g, and critical
index 7, for the reverse Holder condition. Set s > [(Q + k)(q“% —1)], € > max{sruw(rw, —
DT'Q '+ (ruwp —1)"H1/p—1},a=1— % +ecand b= % +e€. A (p,q, s, €)-molecule with respect
to weight w is a function M(z) € L{, ,(R’}) which satisfies the following properties:

(i) M(z)w(B)" € LY, (RY),

(i) ||M|%° | |M(z).w(E)?|| 7" := My, (M) < oo, (molecular norm of M with respect to w)

q q
L, L,

(iil) [on M(z)z*z)de =0 for all s with |a| <'s.
¥

For the boundedness of operators on HZWM spaces, the most interesting problem is to find what
kind of operators are bounded on this space. An application of atom-molecule theory, this problem
is easily reduced to whether the image of weighted (p, ¢, s)-atom under the action of the operator
is a weighted (p, g, s, €)-molecule.

Before we state our main results, we need the following lemma.

Lemma 2.8. Let w € Aq, ¢ > 1. Then, for all v > 0, there exists a constant C independent of R
such that

[ ) atde < Cr @,

|| >
where I, the cube centered at origin with side length 2r.
3 Boundedness of Weighted Hardy Spaces HY

The main purpose of what is showed in this section is that, based on the atomic decomposition
and molecular characterization method, to investigate the action of singular integrals especially the
high order Riesz-Bessel transforms on weighted H Z,,,w Hardy spaces.
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Now we consider the high order Riesz-Bessel transforms. Let 1 < p < oo, f € L%, , and w be a
weight function on R’}. The high order Riesz-Bessel transform of f is defined by setting,

RP(H@) = Ciw [ pv (L @ )] @)

(3.1)

= C,» lim Pk(y)

TY f(z)yrndy,
20 J. 1y Tyl

where Ci,, = 2nJ2rVF(%’“+”)[F(§)]71 and Py(y) = Pe(y1,¥2,---,Yn—1,y2) is a homogeneous

polynomial of degree k which holds A, Py(y) = 0 on R}. Moreover, this polynomial satisfies
the cancellation condition

/ Po(6)(6))*d6 = 0 (3.2)
S+
and

sup |Prx(0)] = A < 00

5 10 o
where S; ={y € R} : |y| =1} and 0 = ﬁ

We also have the following L%, , boundedness of high order Riesz-Bessel transform.

Theorem 3.1. Suppose that the characteristic Py of the singular integral (3.1) satisfies the conditions
(3.2) and (3.8). Moreover, let 1 < p < co and w(z) be weight function on R’} . Then there exists a
constant C > 0, independent of f such that for all f € LY, ,

/ IR (f)(z)[Pw(z)zhde < C | |f(z)Pw(z)z)de
R R
(see [11]).

Let K(z) be a function defined as RPf = (K ® f). This kernel satisfies the smoothness estimate,

|ITYK(z) — K(x)|zhdz < C,
[z|>2]y|
for some C' > 0 (See in detail [12]). Tt is a very useful fact that this properties and the L2-

boundedness of high order Riesz-Bessel transforms, to be getting of maps HZV to LY and HZ,, to
HY for0<p<1.

We now are able to extend the results to the weighted case.

Theorem 3.2. Let Rl(,k>(f) be a singular integral operator related to generalized shift operator, and
w € Ay, for 1 <p < oo. Then this operator can be extended to be a bounded operator for L, , to
itself.

We continue with (HIAV’W L}U’U) boundedness of high order Riesz-Bessel transforms. It is known
that high order Riesz-Bessel transforms are bounded in L%, , spaces for all 1 < p < co. Therefore,
this operator is well defined on L%, , and in particular on H Z,,,w which is contained in L%, ,. In the
case p = 1, the following theorem holds.

Theorem 3.3. Let R f := (K ® f) be defined as in (3.1) and w € Ay,,. Assume that K satisfies

|[TYK (z) — K(x)|w(z)zhde < Crw(y), (3.4)

lz|>2]y]
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and
1K ® fllLz

w,v

Then there is a constant C independent of f such that for all f € Himw(Ri) we have

<Ollfllmy, -

§C2||f||1:2

w,v

(3.5)

1K ® fllLy

w,v

Proof. By the atomic decomposition of Hardy spaces, it suffices to show that [[(K ® f)|[z1 < C
for any w-(1,2,0)-atom f with constant C independent of the choice of f. Given w-(1,2,0)-atom f

with supp(f) C Ir, we have ||f|[L2 < w(IR)%1 and [f(z)z;dx = 0. Hence, we can write

v

(K@ Hllzy

w,v

= [ 1 ® p@lw)atds

:(Zth{ﬁﬂ<NWJKK®fmmwumwx:1+U.

Let us consider the estimate I. Applying the Fubini’s theorem and by the inequality (3.4), we have

I = K x)|w(x)xydx
/wm‘( ® f)(@)w()

- TyK(w)f(y)yZdy‘w(x)xzdx
|z|>2v/nR

<[ wwi{/

lz|>2]y|

< / £ @) w(y)idy < C.

Ir

(3.6)
TV K () - K(m)|w<x)x;dx}yzdy

On the other hand by Schwartz’s inequality and the doubling condition, we obtain

I :/ (K ® £)(@)|w(z)adz
|z|<2v/nR 1 (37)
<Ko Dy, ([ wlastds)” < Callflzg wizvirn)? <
Y \J|z|<2vmR :

Both inequalities (3.6) and (3.7) get [[(K @ f)[|ry, < C for any w-(1,2,0) atom f, and this finishes

w,

the proof. O

Here we will show similar results held for H ZV Hardy spaces for p < 1 providing that strengthen
the assumption on the kernel K.

Theorem 3.4. Let w € A1, with critical index rv,,,, for the reverse Hélder condition. Suppose that
K € Lioe, (R?) satisfies the L2, ,-boundedness (3.5) and holds the following inequality

A

|TYK (z) — K(z)| < C‘mlg% whenever |z| > 2y (3.8)
for some 0 < A < 1. Ifry, > (Q+k+XN)/A, then the operator R f is bounded on HY L, (RY), (Q+
B)/(Q+k+XN) <p<l

Proof. Let (Q+k)/(Q+k+ ) <p<1andrew, > (Q+k+A)/\ It can be easily seen that
[(Q@+k)(1/p—1)] = 0 and max{1/(rw,, —1),1/p — 1} < A/(Q + k). We can choose € satisfying
max{1l/(rw, —1),1/p—1} < € < A\/(Q+ k). We want to show that for every w — (p, 00, 0)-atom f
centered at the origin, its Riesz-Bessel transform is a w— (p, 2, 0, €)-molecule. and ‘J’Iw,,,(R(Vk)f) <C.
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1
By the definition of atom, for any w — (p, 00, 0)-atom f with supp(f) C Ir, |[fl|lLg, < w(Ir) P
and [f(z)zydr =0. Let us denote a = 1 — % +eand b= 3 + €. Then,

1B f@yul)liz;, / R @) Pule) * w(@)atds

=( [ v [ Jmesereds s
|z|<2v/nR |z|>2/nR
=1 +1I.

The Liyy—boundedness of R yields

I < Crpww(Ir) R f]]72

w,v

< Coww(In) 2\ f1125, < Cunwo(In)>

To estimate part 11 /, we obtain

1= / (K @ F)(@)Pwlla) 2w ()l de
|2|>2y/nR
/ / (TVK(2) - K@)} )ldy| w(ljn) > w(z)ade.

|z|>2v/nR IR

Let us investigate the inner integral. By the Schwartz’s inequality and the condition (3.8) on kernel

K, we have
{ / |77 K () (x>||f<y>|y;dy}2

< oy RPQT P 20722 e

\ [ K@ - K@i Widy|

Applying Lemma 2.2 and 2.8, we obtain

I < Cpy R[] o, || 29Ty (1) P w ()2t dae
|z|>2vnR
S Cn,w,yRQ+2/\_2Q€Hf”ii}ouw(IR)lJr2€ / ‘x|2Q5—Q—2k—2Aw(l‘)xTude
lz|>2v/nR

< Cn,w,u,Rw(IR)Qa

Thus,
||Rf/k)f($)w(f\z|)b|\Lgu,V < Cnyw,vpw(IR)
and
a 1—a
NERY ) =TSl RS f(@)wTo) | 5" < Cowor.

The last property is easily obtained by Fourier-Bessel transform. The moment condition of f gives
F,[£(0)] = 0 which implies F,[RY £](0) = F,[K(0)]F,[f(0)] = 0. So we then have [ R f(x)z dx =
0 and this is the end of the proof. O
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Theorem 3.5. Let w € Ay, with critical indez 1y, and s > (Q + k)/(rw,, — 1). Suppose that K
be a function on R% \ {0} satisfies

|DTYK (z)| < CAJx| =9kl

for all multi-indices |a| < s. Then the high order Riesz-Bessel transforms are bounded on szw
for (Q+k)/(Q+Ek+1)<p<1.

Proof. Similarly to the arguments in Theorem 3.3, replacing (3.6) by

I = / (K ® £)(@) Pulle) 2w (z)atde
|z|>2y/nR ,
= [ ) rKe = s ek Q) sy wi) e

|z|>2v/AR

we obtain the estimate

2
S Cn,uR2Q+28 ‘m|72Q—2k—25 | ‘fl ‘2LOC

w,v

/I [TVK(@) = ¥ DET'K(@) S5 fw)ysdy

o <s—1

for |z| > 24/nR. If we follow the same way to prove this theorem as in Theorem 3.4, the proof is
complete. O

4 Conclusions

On this paper, we wish to remark some points. In the section 1, a brief on the historical evolution
and applications of weighted Hardy spaces has been discussed. In the section 2, we have described
Ap,» weights and its properties, atoms and molecules. We have given some lemmas and theorems
about relations between these. In the final section we have defined the high order Riesz-Bessel
transforms associated to the Laplace-Bessel differential operator, and also have shown that this
singular integral operator are bounded on HZV . Hardy space, 0 < p < 1, via atomic-molecular
characterization. 7
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