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| Method Article |

Abstract

The difficulty of the methods of decision aid is what seekipimal solutions to complex problems (in
general and for nature multicriteria, or the concepptimality is no sense in a multicriteria context.
In this paper, we propose a mathematical modelling,arcéimtext of multicriteria multi- decision-makelrs
aid methods, with a decision-making process allowing theisid@-makers to choose the magst
appropriate solutions according to their orientationsjnaiependent manner, taking into account the
objective of the problem.
After identifying the objective and determining the seaactfons, we decompose the objective to different
dimensions, which gives a system of criteria to diffelenels.
We use the principle of the AHP method to calculate diffewveight, related to our decomposition. Also
the weighted sums method helps us transform the multrierjpeoblem to a mono criterion problem, and
obtain a mathematical expression of actions evaluation achvegich decision maker bases to choose the
optimal action. Therefore, we get a partial order oeptal actions on each dimension, and a glgbal
order examining all the criteria of the studied systerhicWallows to mathematically judge the selectjon

of an action rather than another.

*Corresponding author: E-mail: Ghizlane.CHAIBI@usanic.ma, khomsixmath@yahoo.fr;



Ghizlane and Mohammed; BJMCS, 14(3): 1-18, 2016¢ckrno.BIMCS.23247

Finally, we start with the data of the company R-Sale tramway and apply the proposed proce:
judge the choice of the tram as a means of transpéegith®f the bus.
This is a concrete example of large financial size shgiwhe effectiveness of our proposal.

Keywords: AHP method; alternative; classification; demisi maker; multi-criteria analysis;
weighted ratings.

1 Introduction

The mathematical methods of multi-criterion analydiewaed to direct a choice on the basis of several
common criteria, having identified and defined the problem,nbture, has several objectives, often
contradictory or heterogeneous. To have several decision-endkersified the set of possible objectives
for the same problem, and the same decision-makehaea several objectives. Every objective can lead
several criteria, and consequently of the creation of sewesasures of evaluations. Which creates the
difficulty to find a general consensus within a multidisiciaty team.

In this work we consider a multi-criteria multi-decision kee problem (MCMD) as a set of sub-multi-
criteria mono-decision maker problems (MCSD). The ddtémn each sub-multi-criteria mono- decision
maker problem are not necessarily the same. Using thigsemahe team members do not need to agree on
the relative importance of the criteria or on the rankihglternatives. In other words, each decision maker
has the possibility to choose a set of criteria andsgive own judgment from his set of selected criteria and
contributes in a separate and identifiable manner tedhech for a joint conclusion.

The notion of time makers the problem dynamic, insteaddofitting that the function of evaluation of a
criterion depends only on the action, we define it in a wayhviguarantees an accurate information at a
moment t, because the objective is to help the decision-mtkenake the best decision among a number of
possibilities. Then we use the principle of the AHP metlwoaffect three types of weights [1]; the weight of
the dimension, the relative weight of the criterionnthie global weight.

We inject the procedure for calculating weighted sumeaich dimension, and we use the relative weights of
the criteria with instant evaluations to find the bestoactn relation to the dimension. When we seek the
optimal action for the global objective, we use these pbthsums to define the global weighted sums.

In numerous situations, the nature of the actions does not allote hsve, each time, the criteria

evaluations, this the reason why we introduce what wetlvalaverage weighted sums. We calculate these
sums to find the best solution, which also gives strategissgpfencing of the involved actions.

2 ldentification of the Dimensions and the Criteria

2.1 Decomposition of the objective

Whenn decision-makers [2] seek the optimal solution for a proldem situation, they need to identify the
objective to achieve noted, and a set of alternatives notéduch as:

A={aq:j=12,..,m}
It can be discrete or continuous, and it is also the sanadl ftecision- makefs

This is a set ofm alternatives, which represent the decision object, tleation is to identify a subset of
alternatives with a better compromise among the set gfartin

! The se# is defined via the nature of the problem studsexdit is the same for all decision makers.
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For this purpose, we introduce the notion of optimality ofra#téve [3,4] through the following definition.

Definition: An optimal alternative is any preferred alternativethey decision maker on the basis of external
information to the mathematical model.

The solution of the decision problem amounts to search oftiigraof the set of possible alternatives in a
subset of "optimal" alternatives and a subset of "non-optiat@rnatives.

Let’s note D the set of decision-makers, it as in thefo
D={D;:i=1,2,..,n}

eachD; decision maker examines this objective via the differetiépendent dimensions (economic, social,
political ...) notedd; ., consequently, the set of the dimensions selected lettision makeb; is:

Ei = {di,k k= 1,2, "'!li}
with [; is the number of dimensions chosen by the decision nizker
So the objective® is considered as a decomposable set to sub-objectivesdiheindent noted; ;, (the

restriction of the objectiv® of the dimensiond,,: (0;, = 0/ d;,), and we have for eadh decision
maker:

Ly
0= U Oix (1)
k=1

The objective); ;, related to the dimensiafy, is achieved through the minimization or maximization of a
set of criteria, So the decision maker has to determiset af criteria notedc; ), which measures the
effectiveness of actions [6]. This set is written as:

Ci,k = {Ci,k,p p=1.2, ---,pi,k}
with C; ., is a criterion chosen by the decidgr in the dimensiom; ;.

The numberp, ;, = card(C; ) is the number of criteria in dimensiod; ;, , it will vary from one decision-
maker to another and from one dimension to another.

This unionC; = Uﬁc":l Cixis the sétof all the criteria considered by decision-maRer

The maximization or the minimization 6f ,, is a sub- objectivé, ,,, , therefore:

Pik
Oi,k = U Oi,k,p (2)
p=1
Which gives:
li Dik

o=JJows @
k=1p=1

2 This union is disjoint by construction.
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Thus, we construct a cover partition of the overall objetti

Definition: Let 0 an objective(0,),-1 ., a finite sequence of objectives constituting a partitf 0. Each
objective0,, is linked to a dimensiod, weight ofP,.

A dimensiond,, is called negligibl&if and only if P, tends to 0, in other words

n

k#ko

In such a modelling, it is possible that the decision-mekese a set of essential objecti{6g;)x-,,.,; for
his modeling without covering the overall objective of the study,

L
0= ;L;Jl Oix U 0; (4)

Its modeling is acceptable if and only if the dimensipfor objectived; is negligible in the previously
defined sense.

In the following, this modeling without losing the generalitg, wsimply write0 = U§f=1 Oix

Fig. 1 reflects this idea of decomposition of the objestiv

| Objective I
/\
Dimension d; 4 ] Dimension d; 4 J Dimension d; ;; ]
H Criterion C; 11 H Criterion C x4 — Criterion Cj;, 1
Ll Criterion Cy 12 || Criterion C; .2 — Criterion Cj, 2
— Criterion Cyqp | Criterion G p | Criterion Cip p
Criterion Ciqp,, L{ Criterion C; g p,, L Criterion Ci,!,—,p,—;?.

Fig. 1. Decomposition of the objective

®The objective®;, can be grouped into two classe, one containigaibjectives realized in parallel, other containing
the objectives realized series.

4 SayP;, = 0 is strongly connected with context of the subjet preferences of the decision maker. They sptref
neighborhood considered in the study of zero.eaeh study has a threshold from which we talk abolua negligible
dimension.
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2.2 Evaluation and compatibility of criteria
Let T the set of time, we have two possibilities:

- Tisadiscrete time. It is written in the fotm
T ={ah: a€Z,h a fixed positive constant}
- Tisacontinuous time, thus = Ror T = R*.
So we define the functions of evaluations as follows [
Definition: For each criteriod;  ,, , we define the evaluatidfunction.

gikp :TxA->R
Girp (t,a)) = €ijpi (©) (5)

From these functions, decision-maker built an evaluatioratséhe moment denotek;(t) is defined as
follows:

E(®) ={epxpj®:k=12,..,1; p=12,..,p;x j=12,..,m}
It's the set of evaluation for decision- mark@r at instant.

Remark: The evaluation functiog;, , is related to the criterio6 , i.e the criteriorp selected in the
dimensionk by decision—makep; , therefore this function is written in relation to ttxéterion and not in
relation to the decision-maker. The indds just to say that the criterion is chosen by the @edig.

As an example, In the case of a comparative multi-@itamalysis of transport systems in a specific region,
for a decision-makeb; , the speed can be considered as a criterion of penficendimension noted; . , .

For another decision-mak®y. it can be considered as a criterion of degree of téogpadimension noted
Cirerpr» and we will necessarily hawegyp; (t) = e;:x+5(t) for each alternativg

We have seen previously that the achievement of subtolgieaelated to the dimension depends on the
maximization or minimization of criteria. In this appah, we want to use weighted sums, to have a
coherence in our study. It is necessary to consider onlyriteeia to be maximized, but criteria to minimize
exist (the criteria related to the cost are the critarianinimize). A transformation of these data is then
necessary to obtain those criteria to maximize. Thestoamation is as follows:

€ ep;j (t) = max; e;yp; (t) — €;xp; (t) (6)
For each criterig@ and dimensiork.
In what follows, we assume that there are criteria tmiypaximize, because it is always possible to tuen th

objective of minimizing an objective of maximizing throughr writing. Thus, for each decision maker, we
summarize the data in the following table:

® The parameteh is the step of discretization time and the parametexchange of sign for model the problem in the
past and the present.

® The properties of functiogy, depends on the context of the probleme, thisitasbses the form of the spadeand

A (continuous or discrete) ... and even the natdre criteria.
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Table 1. Evaluation of decision—markerD;

Dimension diq dix dy,
Criterion Cii1 o Ciapy, [ “ Citpy Cisn Ci,l,-,pu,.
a;  e;111(0) e 1p;,1(t) e k11(t) € kpye1 (£) ej,11(t) ei,li,p”il(t)
A ei112(t) €i1p;;2 () eik12(t) e kpye2 (t) eiy.12(t) i o o(t)
Alternative : " ik i LoDy, 2
a; €i11j (t) €i1p;,j (t) €ik1j (t) €ikpy) (t) €i1,1j (t) €itpy J(t)
b : PPl
Am  e;11m(t) € 1p;m(t) €ik1m(t) € kpym (t) e, 1m(t) . ©
Llipgm

3 Determination of Weight

3.1The weight dimensions

The transcript of the AHP method introduced by Saatydi8ws us to build the weights of the dimensions.
Indeed, the decision-maker compares these dimensions betvese, two for two, using the weighting scale

presented in the following table.

Table 2. The saaty rating scale

Intensity of  Definition Explanation

importance

1 Equal importance Two factors contribute equallyhie objective.

3 Somewhat more importa  Experience and judgement slightly favour one okierdther

5 Much more importan Experience and judgement stror favour one over the oth

7 Very much more important Experience and judgement very strongly favour orer the other.

Its importance is demonstrated in practice.

9 Absolutely more The evidence favouring one over the other is ohigaest possible
important. validity.

2,4,6,8 Intermediate values When compromiseéiad.

From this important scale, the decision-maker propdsesrtatrix of comparison between these chosen
dimensionsd; , andd; ; following:

/ 1 V2 w Vg e Vi
1 v; Vj o1,
/Ui,12 1 l,.Zk ) 'l,le
5 1 H H H
1 1 .
/vi,lk /Ui,zzc 1 v"."li
1 1 L 1
/Vi,ui /vi,zli /vlrkli

Comparision matrix of dimensions
Itis a square matrigv; xz)x k=1,..,; SUCh as:

= The coefficientw; ,,=1, because it compares the dimension with herself.

» Fork #k,if djj isv; times important therd, ; then d, ; is v% times important thend, ,
ikk

.. . . 3 . 1
therefore coefficients of the comparison matrix vetlify relation; z, = —

ikk
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With the matrix the decision-maker calculaRzs associated at the dimensioh, as follows:

1 1 Vikm
Py = ;(Emﬂzn—) )

j=1vi,jm
3.2 Relative weights of the criteria
After calculation with weight of the dimensiods, k:1,2,...,1;, the decision-maker have to introduce a

square matrix of ordep;, , wherein the decider compares the criteria of a dseenindicating the
importance ot , with C; - from the scale of Saaty. The following matrix ilztes this comparison:

1 v; ~ ~
L ik,12 Vik,1p e Vikapy,
~ 1 7, Vit 29,
| /vik,lz lk.:ZP ) ”.‘rZPLk I
: : 1
1 1 1 5
~ ~ N 7
/Uik,1p /vik_zp : ik.ppik
1 1 1 1
N . ik -
/vik,lpik /vik.Zpik ik,ppik

Comparision matrix of criteria

The relative weightP; . ,, associated with the criteriaf, ,, is defined as:

_ 1 (o Pikpj
P- = — .L 7)
LEP T by (Zl:l shikg (8)

1=1 Viklj
The AHP method guaranteed the fact that:

Dik

Z Pi,k,p =1
p=1

3.3 Global weight of the criteria

After the construction of weight ,, of dimensionsi;, andP;,,, relative weights of the criterid;  ,,, we
define the global weights of the criter@,,, denoted w; ,, as follows:

Definition: For each criterionC; ,, in relation to the dimensiad; , , the global weight is defined by:

Wikp = PiiPirp 9

This weight is called global because it presents the iitapce of the criterionC; ., in relation to all the

criteria of the structure. Moreover, the weight oé ttimension is the sum of the overall weight of all
criteria, indeed:

Dik Pik Pik

Z Wikp = Z PixPirp = Pk Z Pixp =Pix
p=1 p=1 p=1
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This is natural, since the weight of a group is definedhieysum of the weights of elements forming this
group.

The following table illustrates the different weights bbif decision- markeD; in relation to the dimension
dig:

Table 3. Different weight related to dimension

Dimensiond,;

Weights Piy

Criterion Ciki Cikz Ciip Cikpy Sum
Dik

Relative We|ght Pi,k,l Pi,k,Z Pi,k.,p Pi-k-pik Z Pi,k,p =1
p=1
Pik

Overall WElght Wi k1 Wik2 Wi,k,p Wi.k'pik Z Wi,k,p =Fik
p=1

At this point, we decomposed the objective of differemhatisions, which are decomposed to a set of
criteria that are measured with their evaluation funstioVe also calculated the different weights, the
following table lists the different information by decision+kea:

Table 4. The data necessary for resolution

Dimension d;q diy di,
Weight Py Pix Py,
Criterion Ciia o Ciapy, Cikn “ Cirpu Citn Ci,li,p”i
Relative weight ~ P;; ; Piipy Pij1 Pikpu Pija Pi'li-pili
Overall weight Wi11 Wi1py, Wi k1 Wik W1 Wilip,
a;  ejq11(t) € 1p;1(6) e k11(t) € kpy1 (£) ei,11(t) €ipy,1(0)
a  ei12(t) €i1py2(0) eik12(t) € kpy2(t) e;1,12(t) it o)
Alternative : * ik i Llipi;2
a; a1 o o o o
:] el'll;] 2 €ipirj () €ije1j () €ijepyj (1) ei1,1 () €ilipu,j ®
Am  ej11m(t) e;1p,,m(t) € k1m(t) eijepyem () eit,1m(®)

ei,li,pilim(t)

4 Calculation of the Weighted Sums

After assigning weights to the criteria, and the evabumatriteria for each alternative, we calculate the
weighted ratings for the alternative using the princgflthe weighted sum method [9].

If the decision-makeDb; seeks the optimal alternative, he has at leasptssibilities to consider, which are
cited in the following paragraphs.

4.1 Relative weighted sum

If the decision makeD; is interested in a precise dimensid), , he can calculate the timeon the
weighted sum denotes], for any alternative as follows, using the critefjg, and its weight relativé, ; ,,
quite consider that criteria to be maximized:

Dik

Siae(t @) = Z Pijep Gitep (£, a7) (10)
p=1
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Or

Pik

11

Sik(ta;) = z Pip €ikpj(t) (11)
p=1

Which provides the table of results as follows:

Table 5. Relative weighted sum

Dimensiond; ;.

Weights Py
Criterion Cikn Cikz Cikp Cirpi Sum
Dik
Relative weight Pk Pix> Pirp Py pin Z Pyp=1
p=1
a; eik11(t) € je21(t) v eigpr(t) v €y () Six(t as)
_ az eik12(6) € k22(t) € kp2(t) € kpye2 () Sik(t az)
Alternative
aj ei,klj (t) €ik2j (t) €ikpj (t) ei’kpikj (t) Si,k (t, aj)
A e k1m () €i k2m (6) eikpm (t) €ikpyem () Six(t, am)

This transforms the problem to a problem with a singlkergon, and the looked optimal alternative;, at
time t is the One that is satisfactory:

Si,k(t! ajo) = m}lx Si,k (t, aj) (12)

4.2 Global weighted sum

If the decision-makeb; is looking at instantt optimal alternative to achieve the global objective, ittmus
consider all dimensions, and the criteria defined from edative weighted sum. He should consider the
following table of data:

Table 6. Evaluation with relative weighted sum

Dimension di,l di,l di,k d”i
Weight P;q Py Pig Py,
aq ) Si1(taq) Si2(t,aq) Sik(t ) Si(taq)
) a Relative Si1(t ay) Si2(t az) Sik(t az) Si(t az)
Alternative : Weighted
4 Sum Sia(t ) Sia(tay) Si(tay) Siy(t )
@m Sia (t, am) Si2 t am) Sik (t, am) Si,li(t' am)

From these data, we define the global weighted sum as follows

Definition: For each decision maked; and any alternative; at any timet we define the global weighted
sum denoteds;(t, a;) as follows:

L
Si(t, aj) = Zpi'k Si,k(tr aj) (13)
k=1
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Using this definition the optimal alternatiwg is the one that satisfying:

Si(t,a5) = max S;(¢, a;) (14)
J

If we replaces; (¢, a;) by its expression we get:

I I Pik li Pk
Si(t' aj) = z Py Si,k(tr aj) = z Py Z Py Cippi(t) = z z Piy Py €ikpj (£)
k=1 k=1 p=1 k=1p=1

Therefore
li pik

Si(t, a]-) = z z Wi kep €ikpj (t)
k=1p=1

This formula shows that the weighted total is the sum optbducts of the weights of all the criteria on the
structure and evaluation of these, so we got the clémsiwla of the weighted sum, which reinforces our
model in the sense that it is more general.

4.3 Average weighted sum

Practically, seeking the optimal action at a time&an return the decision more difficult, especially if that
optimal action is changed on small intervals in the case @ntinuous time or an instanpttot;,, for a
discrete time. For this reason, we introduce the notiavefage gives a wider vision of the concept of time
in both cases (continuous or discrete time).

Definition: We define the weighted average sum in relation to the dioreds, denoteds;(a;) as
follows:

* with a continuous time

Pik
1 tr
hie(e) = —z Pikp f gup(ta)dt  t#t (15)
tr —t; £ 4
p=1
* With a discrete time
1 Pik tf
Sir.rllc(aj) = NZ Pigp Z gikp(tr aj) (16)
p=1 t=t;

N is the number of steps.

The optimal actiony; searched betweenandt, is one that checks:
Sti(ay) = max NACH a7

Definition: for the decider-maked; and alternativer;, we define the global weighted average sum denoted
S™(a; ) as follows:

10
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l;
s7(g) = ) PucSTi(@) (18)
k=1

The optimal share; searched betweenandt, is one that checks

sM(ay) = max s™(a)) 19)

We can summarize the principal idea of this modeling andhsstyit can respond in a comprehensive or
selectively manner looking for an optimal action following twva want to maximize.

5 Classification of Potential Alternatives

In this section, without losing the generality, we cdasithat the average weighted sums, that transform the
instant study at a study spread over time, allow decisiakers to identify the representative periods to
study via the nature of the modeled problem. Knowing ihd possible to repeat the same approach
presented below for instant study.

5.1 Order related to the dimensiond;

Let A, = A, if the decider-makeD; aim is to order potential alternatives in a specific disiand,;,
obviously the optimal solution is the first action denatgdwhich verifies:

Sti(a;,) = max ST ()

Let A, = A; \ {q;,}, the second alternative denotggwhich verifies:
Sti(ay,) = max 57k (q;)

Generally thel®* alternative noted alternative, is the one that verifies
Sti(ay,) = max i (a;)

with A, = A\ {g;}for1 <l <m-1 andA,, = {q;,}

Therefore

1= i)

This is a canonical partition ordered for all potentitdralative A in the dimensiomnl; .
5.2 Global order of alternatives

If the decision makeb; aim is to order the set of potential alternativelative to the overall objective, it is
sufficient to repeat the same algorithm of the prevarsgraph, replacing the averages weighted sum are
abouts] (a;) by global averages weighted sdffi(a;), for obtaining an ordered canonical partition of all
potential alternativel relative to the goal studied.

11
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6 Application: Comparison Tram and Bus

6.1 Problematic

The aim of multi-criteria analysis of transportat&ystems is to seek a way which guarantees qualitgltrav
conditions for citizens to meet different health sqagglonomic, environmental and even health issues and
which allows:

* Minimize transportation costs such as the purchase amdeanance of company vehicles.
*  Optimize travel, infrastructure.

* Reduce costs related to parking and consequently reduce thassistated with it.

* Reduce delays.

* Reduce emissions of GHG gases.

* Improved security trips.

* Reduced stress and fatigue of citizens.

* Reducing the number of accidents on roads.

In the result of this work, we will perform a multi-@ita analysis of company data from Rabat-Sale
tramway (STRS) and data from the National Office of Hgdrbons and Mines (ONHYM) in order to
evaluate the system Transport Rabat-Sale.

Due to the absence of sufficient data to diversify the dgiees and criteria, we limit ourselves to certain
criteria which we have their assessments.

We define the same dimensions and the same criteridlfde@sion makers, again we do not have the
formulas of functions of evaluations that itis privdéga averages of the company Rabat-Sale tramway.

6.2 ldentify the dimensions and criteria
All the criteria in this application will be imposed falt decision makers.

To differentiate a transport system to another, weheséallowing dimensions and criteria:

Table 7. Identification of dimensions

Dimensiond; ; The performance and rendered services
Dimensiond; , Cos_t
Dimensiond; 3 Environment

For the first dimension: The performance of transport systems is a compositsune of overall capacity,
frequency, commercial speed, reliability and productivity. Ruality and accessibility measure the quality
of services provided to users of transport systems. Buth@ose the criteria that we have their assessments:

* (;1,: Capacity

* C;,,: Frequency

* (;13: Commercial speed:
* ;14 Punctuality

For the second dimensionin this dimension, we consider a single criterion is:

e Cipq: Investment costs.

" Moroccan city of North African.

12
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The investment cost is an estimated cost of landingread@nts markets. This cost includes:
e Study contracts and Tramway works.
* Pre-operating expenses
* Financial expenses (before starting operation)

For the third dimension:

* (;31: Greenhouse Effect gas (GHG)

A GHG gas is a gas that affects climate change. Rlatig halocarbons that man artificially manufactured.
6.3 Assign the weights

In this study, the weighting will be performed at twodks:

* The first: three dimensions will weigh between them, which assign weights to aspects of
performance and services rendered, cost and pollution.

* The second: the criteria of a same dimension will weligtmt Now for the second and the third
dimension, we have no criteria, therefore we seek thévelaeights of the criteria just the first
dimension.

Below is the comparison matrix of the dimensions lier four decision makers.

dl,l d1,2 d1,3 d2,1 dZ,Z d2,3 d3,1 d3,2 d3,3 d4,1 d4-,2 d4-,3
diss1 3 7y dgiy1 7 9\ dzi/ 1 1/3 5 dsy s 1 3 3
dL2<1/3 1 5) d12<1/7 1 5) d&Z( 3 1 7> d&2(1/3 1 1>
dis\1/7 1/5 1) dy3\1/9 1/5 1) dy5\1/5 1/7 1 dis\1/3 1 1

The comparison matrix of the dimensions

Each decision-maker met its comparison matrix from gbale of Saaty to assess the importance of a
dimension to another's point of life. Then we calcutage weights of the dimensions from the formula 7,
thus we find:

Table 8. Weights of the dimensions

D, D, D3 D,
P4 Py Pq3 P31 P3, P;3 P34 P3, Py3 Pyq Py, Py3
0.65 0.28 0.07 0.75 0.2 0.05 0.28 0.65 0.07 0.6 0.20.2

Now we look for the relative weights of the criteria loé ffirst dimension to the four makers in an analogous
manner to the calculation of the weights of the dimensiBasthis, we start with the comparison matrices
of the following criteria:

C1,1,1 C1,1,z C1,1,3 C1,1,4— C2,1,1 C2,1,2 C2,1,3 C2,1,4-

Ci11 1 5 3 3 Co11 1 5 3 3
Ciiz [ 1/5 1 1/3 1/3 Caz2 [ 1/5 1 173 1/3
Ci13 1/3 3 1 1 Cr13 1/3 3 1 1
Ciia 1/3 3 1 1 Co14 1/3 3 1 1
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C3,1,1 C3,1,2 C3,1,3 C3,1,4— C4.,1,1 C4.,1,2 C4-,1,3 C4-,1,4—

C311 1 7 5 5 Ca11 1 5 3 3
Caap [ 1/7 1 1/5 1/5 Corz [ 1/5 1 1/3 1/3
Csa3 \ 1/5 5 1 1 Ci3 \ 1/3 3 1 1
C31,4 1/5 5 1 1 Cana 1/3 3 1 1

Comparision matrix for the first dimension

We calculate the weights of the dimensions from thenfiba 8, eventually we find the following weights:

Table 9. Relative weights of the criteria of the first @nension

D1 DZ
Pi1a P12 Pia3 Pi14 P14 P12 P33 P314
0.52 0.08 0.2 0.2 0.52 0.08 0.2 0.2
D3 Dy
P31 P32 P313 P314 Py1a Pyi2 Pya3 Pyia
0.61 0.05 0.17 0.17 0.52 0.08 0.2 0.2

These are the relative weights of the criteria (capacgguency, commercial speed, punctuality) of the first

dimension, performance and services rendered. They esprig®e importance of a criterion with respect to
the other in the same dimension in terms of each maker.

The four makers to agree on the order of importarfcthe selected criteria. For them the capacity of
medium of transport is the most important, the second leveldrtance there is the commercial speed and
punctuality, the less important is the frequency. ¥et/tare given the same weight for the four criteria.

We can also calculate the global weight of the criterfaned by 9 from the relative weights of the criteria
and weight dimensions.

Table 10. Global weights of the criteria of the first émension

D, D,
Weight dimensions P;1=0.65 P,,=0.75
Relative weight Pi1a Piip Pia3 P14 Pz1a P21z Pz13 P34
0.52 0.08 0.2 0.2 0.52 0.08 0.2 0.2
Global weight Wi11 Wi12 Wi113 Wii1a W211 W212 W213 W314
0.33¢ 0.052 0.13 0.1 0.3¢ 0.0€ 0.1f 0.1F
D3 D,
Weight dimensions P31 =0.28 Py =0.6
Relative weight P311 P3ap P313 P34 Py11  Paip Pya3 Pyi1a
0.61 0.0t 0.17 0.17 0.52 0.0¢ 0.2 0.2
Global weight W311  W3i2 W313 W314 Wa11 Wa12 Wa13 Wa14
0.52 0.08 0.2 0.2 0.52 0.08 0.2 0.2

The second dimension (cost) contains a single criteriod, the third dimension (environment). The
following table lists the different weights associatethwiese two dimensions.

Because the second "cost" dimension contains a singéiani for all decision-makers while its relative
weight P;,, =1 for i = 1,2,3,4. We compare with itself, therefore its gloweightw; , , is by definition

equal to

W3'2,1 = Pi,Z X Pi,2,1 Vi= 1,..,4
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The same reasoning for the third dimension "environment".

Table 11. Weights of # and 3" dimensions

D1 D2
Weight dimensions P, =028 Py 3 =10.07 P, =0.2 P,3 =10.05
Relative weight P =1 Pz, =1 Py =1 Py31=1
Global weight Wi, = 0.28 w3 = 0.07 Wy = 0.2 w31 = 0.05
D, D,
Weight dimensions P, = 0.65 P33 =0.07 Py, =0.2 Py3=0.2
Relative weight P31 =1 P33, =1 Pip1=1 P =1
Global weight W34, = 0.65 w33, = 0.07 Wiz = 0.2 Wy3q = 0.2

6.4 Performance criteria

As we explained in the weighted sum method to minimize,ctiteria should be changed so that each
criterion is to maximize. In our problem, we have:

» Capacity: This is a criterion to be maximized.

* Frequency: This is a criterion to be minimized.

» Commercial speed: This is a criterion to be maximized.
* Punctuality: It is a criterion to be maximized.

* Investment cost: It is a criterion to be minimized.

* GES: Itis a criterion to be minimized.

Each criterion is characterized by an evaluation fundtiomansform a qualitative concept to a measurable
guantitative concept. Now we are in this application basedeahdata from the Tramway Rabat Sale
company without knowing the writing of evaluation funcsoihe following table includes all ratings.

Table 12. Real performances

Ciia Ciip Cii3 Ciia Ciza Ciza
Tramwaya, 560 9 min 18.25 Km/h 97 % 3814 MDH 0
Busa, 175 20 min 12 Km/h 70% 2 MDH 480 gCQ

The equivalence relation 6 serves to transform the objeafir@nimizing a maximization objective. A help
of this relationship we transform performance values ofifisistable with the following table:

Table 13. Performance after the transformation

Ci,l,l Ci,l,Z Ci,1,3 Ci,lA- Ci,2,1 Ci,3,1
Tramwaya, 560 11 18.25 97 0 480
Busa, 175 0 12 70 0.814 0

To agglomerate these criteria into a single score, maltration step allows to transpose the different units
on the same comparable scale. There are various forstalagardization, for translating the various units
on a scale of 0 to 1. One that has kept us in this mede¢ simplest. Indeed we divisions each performance
value on the sum of the column which normalizes the vasoesge find the following table:

Table 14. The normalized performance

Ci,1,1 Ci,l,Z Ci,1,3 Ci,1,4- Ci,Z,l Ci,3,1
Tramwaya, 0.76 1 0.603 0.584 0 1
Busa, 0.238 0 0.396 0.419 1 0
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In this step, we have specified all dimensions, theirghteithe set of criteria, their weight and their
evaluations, which calculates the weighted sums for usiegfdrmula 11. These are the same criteria
considered for the four-makers.

Moreover, maker®,, D, andD,have chosen the same weight criteria for the perforsmamd rendered
services dimension, so we come to the same table fghteel sums for

i=1,2 4

Table 15. Relative weighted sum ab4, D, and D,

Dimensiond;, i=1,2,4

Criterion Ci11 Ci1z Ci13 Ci1a Sum
4
Relative weight 0.52 0.08 0.2 0.2 Z Piip=1
p=1

a, 0.76 1 0.603 0.584 S;1™(ay) = 0.7126

Alternative a 0.238 0 0.396 0.419 Sia™(ap) = 0.2867
Table 16. Relative weighted sum a4
Dimensiond; ¢
Criterion C311 C312 C313 C314 Sum
4
Relative weight 0.61 0.05 0.17 0.17 Z Pyip=1
p=1
a; 0.76 1 0.603 0.584 S31™(ay) = 0.71539

Alternative a 0.238 0 0.396 0.419 S51™(ay) = 0.238373

At the level of performance and rendered services we ffiatithe tramway meets the needs of citizens better
than the weight of the bus for the four-makers. Followingatton Tramway ;) is the optimal action
relative to the first dimensions.

If the aim of the study is to compare the two transpgoam and bus for the three chosen dimensions, so
decision makers should calculate overall sums defined biptimella 6. The following tables summarize the
results found by the four makers:

Table 17. Global weighted sums ab,

Dimension dqyg dy, dy3 Overall sum
Weight 0.65 0.28 0.07
a, S11™(ay) =0.7126 0 1 $T(ay) = 0.5328
Alternative a S$1:™(ay) = 0.2867 1 0 ST*(ay) = 0.466
Table 18. Global weighted sums ab,
Dimension dyq dy, dy3 Overall sum
Weight 0.75 0.2 0.005
a, Szylm( a;) = 0.7126 0 1 ST (a;) = 0.584
Alternative a, S,1™(ay) = 0.2867 1 0 ST (a,) = 0.4145
Table 19. Global weighted sums ab;
Dimension ds, ds, ds3 Overall sum
Weight 0.28 0.65 0.07
_ a; S31™(aq) = 0.71539 0 1 ST (a;) = 0.27
Alternative a S51™(ay) = 0.238373 1 0 ST (a;) = 0.71664
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Table 20. Global weighted sums db,,

Dimension dyq dy, dys Overall sum
Weight 0.6 0.2 0.2

a; Ss1™(ay) = 0.7126 0 1 ST (a;) = 0.627
Alternative a, S41™(ay) = 0.2867 1 0 Sit(az) = 03716

For the four makers we alwayg"(a,) > S™(a,) i=1, 2, 4, so the tram is optimal action this modeling.

If the comparison is done just at the second dimension "investosts" then the actiam, "Bus" will be
the best for the four-makers and this result is cleabnghat the project of Tram company Rabat Salle
required an investment cost of 3.814 MDH or that of the bkecatwo MDH.

7 Conclusion

The fact of transforming the multi-criteria multi-decisimakers problems in multi-criteria mono-decision
maker problems, allowed us to choose optimal solutiamsafl the decision-makers in a group but
independently, according to the dimensions and the simultalysmnsidered criteria.

This work proposes a method to resolve the question ofide@s, obtained from the composition of the
AHP method, which gives a scientific writing to the concafptveighting, and the weighted sums method

that provides a single criterion in the form of a numeesult. Consequently, we arrived at mathematical
expressions leaving to a programmable algorithm of ordonnerh#dre set of potential actions.

Our proposal is a mathematical modelling which is appledor a large class of decision problems,
moreover the factor of time introduced allows to study ewerachic appearance problems.
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