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ABSTRACT
In this paper we shall define generalized complex numbers in the space of new generalized
functions L, (S; (R)) , which allows us to define and study ordinary differential equations (ODE)

and partial differential equations (PDE) in the space L, (S; (R)) . We shall also define generalized

linear and bilinear operations in the space L, (S; (R)) .

Keywords: New generalized function; generalized functions.

[2]), and G, (S?(R)),N, (S (R)) be a subsets of
G(S?(R)) - the set of all possible sequences in
The space of new generalized functions S°(R)

L, (S7 (R))is defined [1] as a factor algebra
L,(S?(R)=G,(S?(R) /N, (S?(R)) , where The following results shows the importance of
o o e the space of new generalized functions

Sg(R) be Rome- Shilov — Gelfand space (see L,(SJ(R)):

1. INTRODUCTION
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Theorem 1.1. The space G, (S; (R)) is a Sub
algebra of the algebra G(S; (R)) ,
N, (S; (R)) is an ideal of G(S; (R)) .

and

The topology in S; (R) is defined by the system
of semi norms in the following way:

P, =supd, (t) where

k<n
mel|

S x* £ (™ (x)
mkTaR AYBTK K mem

Theorem 1.2. If f(X),g(x) JS; (R), then for
a1 >0 such

that pn.l(fg)scn.l pn.l(f)pn,l (g) D f! g DSZ(R)
(see [1,3-7]).

each n,| there is a constant C

Theorem 1.3. The following embeddings are true
[8]:
S;(RO L,(SS(R) and [s/(R)O
L, (S; (R)) .where |s7(R)|+ be the dual of
the space S; (R)
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Now we can define the associative multiplication
for element of the space [S;”(R)J* as elements

of the algebra L, (S; (R)) .

There arise a natural question; is it possible to
define linear and bilinear operations on the

algebra L, (S; (R)) and is it possible to define

tools in this space such that the ordinary and
partial differential equations will be study and
correct define ?

In this paper we will define linear and bilinear
operations in the space of new generalized

function space L, (S; (R)) . Also we will extend

lebesgue’s integral in the algebra L, (S7 (R)) .

2. ANALYSIS IN THE SPACE L, (S%(R))

In order to define the differential equations with
initial conditions in the space of new generalized

functions L, (S7(R)) in [8] we defined set of

generalized complex numbers in the following
way:

Suppose  G(C) ={(Zk)i0 cz OC } be
the set of all complex sequences.

Define the following subsets of the set G(C):

G, (C)={(zk);° 0G(C): CMON,OR Ok |z|<ce™ }

N(C) :{(zk)f 0G(C) :0k,OmON,[xOR :|z|<c ok }

Theorem 2.1. Let f =(f,)0G, (SS(R)), and g =(g,) O N, (S7(R)), and suppose z,00C,

then

Proof. The proof implies directly from
G, (S7(R). N, (S7(R)), G (C), N(C).

f(z) = (. (z) ) UGy (C),and g(z,) =

the definitions and properties of the

(9k (%)) ON(C).

sets

Theorem 2.2. The set G,, (C) s a sub algebra of algebra G(C), and the set N(C) is an ideal in the

algebra G,, (C).



Proof. Suppose

z =(z), n=@) are
elements in G, (C) , then there are natural

numbers m,, m, and a constants ¢, >o0,c, >0
such that

1 1
|z.|<C, exp(mk?). |n7,|<C, exp(m,k)

1
since |z/7,| <C,C, exp((m, +m,)k?) , then
zn 0G,, (C) which means that G, (C) is a

sub algebra of algebra G(C).

Now suppose that z=(z,)UG,, (C) , and
1

w= (w,) ON(C) Since |zw,|<Cdexp((m —mk).
then 2w ON(C) which means that N(C) is an
ideal in the algebraG,, (C) .

Now we define the generalized numbers in the
following way:

The elements

z =(z)0G, (C), n=(n)UG,(C) are
called equivalence ( Zz ~1n ) If and only if

(Zk _,7k) 0 N(C)-

The set of all equivalence classes

C=G,(C)/N(C) is called the set of
generalized numbers corresponding to the space

L,(S; (R)).Itis clear that COI C.

The set of generalized functions allow us to
define and study many mathematical models in
our space, for example the differential equation

P(D)u=f,u0)=b,
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where
P(D)u=a,u™ +a_u"™? +...+au +au ,
a0C,a #0;u fOL, (S°(R) bOC

We can solve by applying the Fourier transform
F to both sides to get the algebraic system

P(ix)F(u) = F(f,) ,u(0)=b,.

Also we can define and study the Lebesgue’s
integral in our space L, (S; (R)):

let fOL,(S;(R)), and let K be a
R. Now let (f,) be any
representative of f , then

compact set in

J'f(x)dx:

K

j f, (X) d{ < ﬂ f (x) dx <c emk%

which means j f(x)dx UG, (C). Now if

K
(f,) be other representative of the generalized
function f , then

f (f (9=, () )d% < ce™

[ () ax= [ 109 dx

Which means that the Lebesgue’s integral is
independent on representative of f .

Remark. It is easy to check that the extended
Lebesgue’s Integral defined above in the space

L, (S; (R)) satisfies many properties of usual
one, for example the linearity:

j[af(x)+ﬂg(x)] dx=aj af(x)dx+/3j g(x)dx , Of,gO0L,(S°(R) ,a,B0C

Similarly we can extend any linear continuous functional

<f,¢> S/(R) - C

to

< f*!¢>: La(Sg(R)) - C

since £'[G, (S (RN 0 G, (S(R) . and '[N, (SZ (RN TN, (SZ(R)).



3. LINEAR AND BILINEAR CONTINUOUS
OPERATORS IN L, (S7(R))

Now let A:SJ(R) » SJ(R) be a linear

continuous operator and let
B:SJ(R)XSJ(R) - SI(R) be a bilinear
continuous operation, then [9] for each il

there exist jOI and a constant ¢ >0 such
that

R(AUMN < ¢ P (u(x) , uOS!(R) , and
for each a | there is
¢ >0 such that

LU0l and constant

P, (B(f.g)sc Py (f)Ps(9) Of,gUS/(R)

We extend A , and B in the space
B(G, (S; (R)) by the following:
If f=(f)0 G,(S/(R) and

g=(f,)0 G,(S(R)), then define
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A (F)=(A(f,))
B'(f,9) = (B(f,), B(0,))
Theorem 3.1. Let A:S;(R) - S/ (R) be a
linear continuous operator and let
B:S;(RxSJ(R) - S;(R) be a bilinear
continuous operation, then:

and

a) B(G,(S;(R).G,(S;(R)) OG,(S;(R) ;
B[N, (S7(R),N, (S7 (R)] 0 N, (S7(R))
b) A[G,(S(R)IDG,(S(R)

AN, (S7 (RN O N, (S7(R)):
c) The operator A[, is independent on a
representative;
d) The
representatives.

and

operation B, on

bilinear »

Proof. The proof of parts a and b follows
immediately from the definitions and properties of

the sets G, (S; (R)),and N, (S; (R)).
c) suppose fOL,(SJ(R)) , and let (f,)

and (g, ) be are two representative of f.

1

Consider P (A, (f,)-A,(9,) =P (A, (f.-g.)) < c, P (fk —gk)s ce™ which means that

(A, () = A (9B N, (S (R)

d) let (f,) and (g,) be are representatives of f,gL,(S?(R)), and let (f,) and (g,) be

are other representatives consider

Fi)(B(fk ’gk)_ B(fl<*1gi)) SF? (B(fk 'gk)_ B(fk*!gk)) + Fi)(B(fk 'gk)_ B(fk*!gi)) =

1

P(B(f, - f;1gk))+R(B(fI:’gk - g;))S Co P/;(fk - fl:)P/;(gk)+ CoPﬂ(fl:)P/;(gk _g;) = Ce_mk;

that is (B(f, ,9,) = B(f,,9,)) O N, (S (R)).

Now we can lit A" ,and B’ to ourspace L,(S?(R))

AL (S/(R) - L (S (R)
and

B, : L, (S7 (R)xL, (S7(R) - L, (S (R)



4. CONCLUSION

In this paper, we have defined generalized
complex numbers and generalized linear and
bilinear continuous operators to define ordinary
differential equations and partial differential
equations in the new generalized function space

L, (S7(R)).
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