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1. Introduction

C urrently the theory of convexity is a hot filed of research due to its applications in optimization theory.
This theory also provides the solution to many problems which arise in applied and pure mathematics.
This theory plays a remarkable role in the study of linear and non-linear programming problems. In past years,

this theory attracts many mathematicians, see [1-3].

In mathematics, the idea of convexity is based on the theory of inequalities. The current perspective on
the term inequalities require a robust and interconnection between geometry and analysis, which makes the
reader shear a sense of exhilaration and exultation. For the applications interested readers can see [4,5].

In 1938, A. Ostrowski established an inequality namely Ostrowski inequality. Mathematically Ostrowski
inequality [6] is given by, let ¥ : A C R — R s an differential function on A° and p1, pp € A° with p; < po. If
%' (x)| < M, Vx € [p1, 2], then we attain the following inequality

1 x—(9fe)2

< M(p2 — 1) {4 T =) ) Vx € (91, 92)-

) - —— [y
X)— ujau
2 = 91 /o

This inequality has a great contribution and various applications in probability, numerical integration, and
mathematical analysis. The 1% time extension and multivariate of this inequality was investigated by
Milovanovi¢ and Pecari¢ in [7] and Milovanovi¢ in [8] respectively. The Dragomir and Wang [9] explored
an inequality of Ostrowski—Griiss type. From the last few decades, due to the effectiveness and applications,
many authors generalized the Ostrowski’s inequality, see [10-12].

In this paper, the refinements of Ostrowski type inequalities for s—type convex functions are investigated,
which are the generalized and extended variants of the previously known results.

2. Preliminaries

A function ¥ : A — R is called convex [13], if the following inequality

Y (kp1+ (1 —«) p2) < ¥ (1) + (1 —x) ¥ (p2) 1

holds for all p1, o, € Aand x € [0,1].

Harmonic means balance the weights of each data point which is the most relevant and pertinent measure
for rates and ratios. The harmonic convex set is always defined by harmonic mean which was introduced by
Shi and Zhang [14]. Iscan [15] defined the harmonic convex function.
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Definition 1. [15] A function ¥ : A C (0, +c0) — R is called harmonic convex, if

§1 62
T(K@er(l—K) @1) SK¥(py) + (1 =0¥(p2) @)

holds for all p1, o, € Aand k € [0,1].

Theorem 1. [15] Let ¥ : A C (0, +c0) — R be a harmonically convex function. If ¥ € L], 2] for all o1, 0p € A
with p1 < o, then

2 o2 ¥ b4 Y
11,( 0162 ) < 192 / 2 (;C)dx < (1) + (@2)_ 3)
o1+ 2 P2 — 91 Jp X 2

Recently Rashid et al., [16] introduced s—type convex function as follows:
Definition 2. [16] A function ¥ : A — R is said to be s—type convex function, if
¥ (k1 + (1= 1) 2) < [1— (1= 0)]¥ (1) + [1 — s ¥ (p2) @
holds V o1, 02 € A,k € [0,1] and s € [0,1].

The term “hypergeometric function" sometimes refers to the generalized hypergeometric function. In
1949, Arnold Sommerfeld [17] introduced the hypergeometric function by the differential equation. In 1960,
Kratzer and Franz determined the hypergeometric function in the support of hypergeometric series. In 1963,
Lebedev investigated the hypergeometric function through the I'function and its logarithmic derivative.
In 2006, Francoise et al., [18] introduced the Gatiss hypergeometric function defined for |z| < 1 by the
hypergeometric series. This function is often represented by F (a,b;c;z). Mathematically hypergeometric
function is given as [19]:

1
B (bc—D)

This functions have a wide range of applications in partitions, combinatorial identities, cylinder and spherical
problems, finite vector spaces, number theory, and physics.

Motivated by ongoing research activities in this direction, first of all in Section 3, we will explore the
concept of harmonic s—-type convex function. In addition, some examples in the manner of this newly
introduced definition are elaborated. Furthermore, in Section 4, we investigate some refinements of the
Ostrowski type inequality. Finally, we will give a conclusion.

1
2F1 (a,b;¢;2) = / K (A=) P 1 —z0) T dk, c > b >0, |z < 1.
0

3. Generalized harmonic convex function and its properties

The principal objective of this section is to define the new class of convex functions which are called
harmonic s—type convex functions.

Definition 3. A function ¥ : A C (0, +00) — [0, +0c0) is called harmonic s-type convex, if

16
(82— ) <= m¥ (o) + (1 50 (1), ®

holds for every g1, ¢ € A, x € [0,1] and s € [0,1].

Remark 1. Taking s = 1 in Definition 3, we attain the definition of harmonically convex function which is
defined by Iscan [15].

Lemma 1. The inequalities [1 —s(1 —«)] > x and [1 —sx] > (1 —«) hold Vs € [0,1] and x € [0,1].

Proposition 1. Every harmonic convex function on A C (0,+00) is harmonic s—type convex function.
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Proof. From x < [1 —s(1—«)]and (1 —«) < [1 —sk] forall x € [0,1] and s € [0,1] and applying the property
of harmonic convex function, we have

§1§2

ol | SR (1) (L K)¥ (02) < (1= s(— 0¥ (o) £ [1 = ¥ (2).

O
Proposition 2. Every harmonic s—type convex function is harmonic h—convex function with h(x) = [1 —s(1 —«)].

Proof. Applying the property of harmonic s—type convex function and using the condition h(x) = [1 —s(1 —
k)], we have

1§22

on - (1— %) o1 S =s@=1)]¥ (1) + [1 —sx]¥ (92)

<h(K)¥ (1) +h(1 = ©)¥ (p2).
O

Now we give some examples.

Example 1. As ¥(g) = ¢ is an increasing convex function so it is harmonically convex function (see [20]). By
using Proposition 1, it is a harmonic s—type convex function.

Example 2. As ¥(g) = Ing is an increasing convex function so it is harmonically convex function (see [20]).
By using Proposition 1, it is a harmonic s-type convex function.

4. Refinements of Ostrowski type inequality via harmonic s-type convex functions

In this section, we are going to attain some refinements of Ostrowski type inequality by the way of
harmonic s—type convex function. Throughout this section, diff mapp means differentiable mapping. In order
to obtain the results, we need the following lemma:

Lemma 2. [21] Let ¥ : A C R~ {0} — R be a diff mapp on A°, where o1, o2 € A with 1 < ©2. If ¥’ € L{p1, p2),
then

P12 2 Y (u) P12 { 2 1 K ,( P1X )
Y (x)— / du = X — / Y dx
) p2— 1 Jo  u? ©2 — 1 (x=p1) 0 (ke + (1 —x)x)?2 (k1 + (1 —x)x)

(o2 [] w7 (Gt o9}

for each x € [p1, p2].

Theorem 2. Let ¥ : A = [p1, p2] C (0,+00) — R be a diff mapp on A°, where p1, 00 € A with p1 < (o and

Y’ € Lip1, p2). If the mapping [¥'| is harmonic s—type convex for | > 1 and s € [0,1] , then

£
T(x)_ §21 62 / ZT(Zu)dM
$2 — 01 S u

< 292 L g (Ml 0+ 0alY (00)]') '+ (o= 02 (AalY () + Al () )

1 1
i
’

where
B(l+1,2)
T

B(l+2,1)
T

B(l+1,1) g ong $2 B(+1,2) a2
! (2z,z+1,1+2,1—7) — B 0R (21,1+1,l+3,1—7),

=B b (421 - 22) - B (2141142121,
X X X

Ay = ’B(Lﬂl’l)zﬂ (2z,l+1;l+2;1—@) - oF (2l,z+2,-1+3;1—@),
X X X

Az =
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and
B(l1+1,1)
2

B(l+21)

Ny =
2!

2F (Zl,l+1;l+2;1—%)—s oF (21,1+2;l+3;1—%)

Proof. Applying Lemma 2, properties of modulus, power mean inequality and the property of harmonic
s—type convex function of [¥'|!, we have

£
“I’(x)—@iol_p;l/ Y (1) du

P12 o2 /! K / ©1%
g@z -1 {(x o1) /0 (k1 + (1 —x)x)? ¥ ((Kﬁl +(1— K)x))

+ (p2 — x)? /01 (kpp + (1 —x)x)2 ¥ ( (kg2 +p(21x— K)x)) dK}
B 1-4 X / X : f
<w ( /01 1dK> </01 (ko1 + (1l x)x)2 ¥ ((Kpl +p(11 - K)x)> dK)

" W ( A 1) B </o1 (ko + gl— o0 | (=9 ld") |

_ooa(r—p)? (AR [L=sA =] [¥ () '+ 1=kl (o) ]\

D —— </o (ko1 + (1 —1)x)2 d")
L orwa(pa—xP (PR = s = )Y () ' (1= sl (2) [ T
02 — o1 </0 (ko2 + (1 —x)x)? dK)

proa(x —1)? ([0 K1=sQ=K)] oo [0 K= (sx)] PN
PRI G s g @1+ ) g 601

@1@2 o2 —x)% (1 K [1—s(1—x)] N T 1 — (sx))] ) z T
2 (L ot @1 [ e o)

dx

1

T ’ / !
<L o2 (Al )+l o))+ (2= 22 (Al 1+ Al () )

The proof is complete. [

Corollary 1. In Theorem 2, taking |[¥'(x)| < M, ¥V x € [p1, p2|, we attain the following inequality

1 1
P12 /m‘P(u) ‘ P12 { 2< >’ 2< >’}
Y (x)— du| < M (x — A+ A + —x)°( Az + A .
’ ) 22 = ©1 u? 22 — 1 ( o1) ! 2 (P2 ) ° !

Theorem 3. Let ¥ : A = [p1, 2] € (0,4+00) — R be a diff map on A°, where o1, 2 € A with p1 < @y and
Y’ € L{p1, p2). If the mapping |¥'|! is harmonic s—type convex for 1 > 1 and s € [0,1] then for all x € [, p2], one
has

"I’ (x) — 2182 /gm Y,

o2 — 1 Joy  u?
o192 (1 -1 / / 1 , , T
< 2102 (O} e o0 (At ) P+ el (o)1) (g2 =22 (Aol (11 + 2l () ),
where 21 2.2)
As= P 2R (21,2;3;1 %) _sP ey (21,2;2,1 %)
2,1 3,1
Ag MXZI ) ,F, (21,2,-3,-1 - %) _Sﬁ(le ) ,F, (21,3,-4,-1 - %) )
B(2,1) ©2 B(2,2) ©2
A7 xz[ 2P1 (21121311 - 7) —S xZI 2P1 (21,2,2,1 - 7) ,
and
B(2,1) aq . 2 B(3,1) e 2
Ns = B0k (2,231 - 22) —sE520R (20,541 - £2)
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Proof. Applying Lemma 2, properties of modulus, power mean inequality and the property of harmonic
s—type convex function of [¥'|!, we have

(2
"I’(x)—m/z‘I’(u)du
22 = P1 Jp

1622 . 2 (1 K ! P1X
<pz—p1{(x o | (Kp1+(1—K)X)2 ¥ ((Km+(1—f<)x>>

+ (p2 — x)? /01 (sz+(1—1<) )2 ((sz +p(21x— K)x )) dK}
— 01)2 '
<W( KdK) ( (ko1 + 1—1<) )24 k4 ((Kpl p(11x_ K)x ))

*pm;z(@—z@_l@ (/()1"“) ](/o G (=0 T/(<xpz+p<21x—x> >>
<@1@2(x—@1)2 ;)1}</01K[[1—5(1—K)”‘Y/(x)|l [1—s«][¥ (1) )

P2 — 1 (kp1 + (1 —x)x)?
—x)? Ur[[L=s(1 = 0)][¥ (x) |' + [1 = sx][¥' () | '
+W2<z><2> (/O [ o2 ]dK>

o2 — @1 (kg2 + (1 —x)x)?
1

o162 G)” {(x_m2< [ R /01( K[L— ()] ZZdKWf(Ml)f

P2 =91 (k1 + (1 —K)x)2 ko1 + (1 —x)x)
1
T

Lox[1—s(1—x)] / L k1= (sx))] '
#0222, o i Y 1+ [ G Y 61

1

dx

Ly
dK)
)1

-

oam (;)1_}{& - p1)2<A5|q/ ()1 + Agl¥' (1) l’) (o2 x>2(/‘7|‘f" ()1 + Aal¥ (2) l) | }

The proof is complete. [

Corollary 2. In Theorem 2, taking [¥'(x)| < M, V x € [p1, 2], we attain the following inequality

—

1-1
P12 (92 ¥ (u) P12 A }
‘T(x)_m—m/ | < oM 5 (x = 91)% (A5 +Ae) T+ (92 — x)* (A7 + As)

J

Theorem 4. Let ¥ : A = [p1, 2] C (0,+00) — R be a diff mapp on A°, where p1, 02 € A with p1 < (o and
Y' € L{p1, 02). If the mapping |¥'|" is harmonic s—type convex for | > 1and s € [0,1] then for all x € [p1, p2], one
has

“I’(x) P12 /m Y,

02— 1 Jpy  u?
1
<plm{((x_p){1_lnx—lnp1}>ll<[\ |T,(x)|l—|—/\ |‘I’,( )|l>}
S — 1 o x—¢ ’ 0P A
1 1
Inx —In 1 =1 / / T
+ ((pz _x){x_m - }) <A11|'i’ () '+ Awal ¥ (92) Il) }
1 §2
where 5L 1) 5(1L3)
’ 1 ’ 1
No=E5=0R (21,1,2,1 - ) — Bk (21,1,3,1 - )
_BLY , o1 B(2,1) ma 1
AlO = le 2F1 (211 1/2/1 7) —S le 2Fl (21/2/3’1 - X ) 4
_B(L1) 92 B(1,3) aq_ 22
An =50k (21,2,3,1 - 7) — B ok (21,1,3,1 - 7) )
and
1,1) o2y B(21) P2
An =50k (21 2;3;1— ) —sE SR (21 2;3;1— )
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Proof. Applying Lemma 2, properties of modulus, power mean inequality and the property of harmonic
s—type convex function of [¥'|!, we have

2
“P(x)—m/ Y (u)du
£2 = 1 S

dx

¥ ( (kg1 f(llx— K)x))
Tl((% +p(21x— K)x)> d"}
eV e K>x>2d")1_}

: W ( /01 (k2 + (;i — K)x)zd")l}

1 1 / X
. (/o (kont (0| <<m+<1x>x>>
orn(x—p)2( 1 (1 Inx—Ing |\ !
s 22 — P1 <X—@1{@1_ X —m }>
L[ =s(1=0)][¥ () [+ [1—se][¥ (01) ']\
X (/o (ko1 + (1 —x)x)2 dK)

- @192(92—95)2( 1 {lnx—lnpl 1 })1_}

P12 2/1 K
<———(x—
02— 1 {( o1) 0 (kp1+ (1—x)x)?

1 K
+(@2—X)2/0 (sz—i—(l—;c)x)z

o\l
dK)

N
dK)

02 — 01 P2 —x X — E
([ Lm0 (1 Do o] "“‘)}
0 (kg2 + (1 —x)x)2
gpmz(x—mY( 1 {1_1nx_1n@1}>1_}
02 — o1 x—p1 g1 X—

1

P 0os0o0] gy I 1= (s) o)
: (/0 (k1 + (1 —K)x)ZZdKN @I +/o (ko1 + (1 —K)x)zld’fw (1) |1>

1
+p1m(@z—x)2< 1 {mx—lnm _1}>1’
22 — 1 2 — X X — 2

1 [1—5(1—1()] / 1 [1-(57{))] , %
g </0 (k2 + (1 —1)x)2 WY () +/0 (k2 + (1 — K)x)2 axk|¥ (p2) |l>

\W{ ((x— pl){l _ lnx_lnm}>1—} <A9|‘I/ 1+ Al (o) |z>}

<
2 — 91 1 X — 1
Inx —Ingp, 1 -1 / / 1
+ ((@295){}) <A11|‘I’ (x) '+ Ara|¥ (@2)|l) }
X — 1 §2

The proof is complete. [

Corollary 3. In Theorem 4, taking [¥'(x)| < M, V x € [p1, 2], we attain the following inequality

©
¥ -2 7 G,
02 — P1 S u

< 162 M{<(x_p){l_lnx—1npl}>l}<A A >}
\@2—@1 ! 91 X — 1 ’ 10

1 1
Inx —1In 1)1\ 7 1
+ ((@Z—X){m —}) (/\11+/\12> }
X — 1 §2
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Theorem 5. Let ¥ : A = [p1, p2] C (0,+00) — R be a diff mapp on A°, where o1, 00 € A with p1 < (o and
Y’ € L{p1, p2]. If the mapping [¥'|" is harmonic s—type convex forq > 1, L + 1 = 1and s € [0,1] , then

1 1
P12 /KJZT(”) ’ P12 ( 1 )"’{ 2( Pl ' l)l
¥ (x) — du| < x— Ao|¥' (x) '+ Ago|¥
(x) 02— o1 Jo U2 02— 1 \m+1 ( ©1) o|¥ (x) | /Y (p1) |

1
! ! T
o2 =02 (Anl¥ @)+ Al (02)])' ],
where Ag, A1g, N1 and Aqp are defined in Theorem 4.

Proof. Applying Lemma 2, properties of modulus, Holder’s inequality and the property of harmonic s—-type
convex function of [¥’|!, we have

£162 /g’2
Y(x) - —— Y (u)du
’ () 2 — 91 Jou ()

1622 B 2 (! K / Q11X
%z—m{(" o0 || ool ((xm+<1—x>x>>

o=y /o1 (k2 + 5 —gwe|* ( (Km fflx— K>x>> d"}

)x
<w</ de) (/ cor t 1—1<) )2l IIJ,<(1<p1 +p(11x— K)x)> ld">l

1 1 1
L #192(p2 — %) < de> " ( ‘f’( Pax > dK) 1
02 — o1 (kpp + (1 —x)x)2 (koo + (1 —x)x)

mx—W( 1 ) s -0l <x>|’+[1sxw/(pmdx)?
02— p1 (kg1 + (1= x)x)%

L ipalpr =2 (1 % [[1—s( =) (=) |'+ 1 —se][¥ (92) '] , \!
2 — 01 <m+1> </0 (kg2 + (1 —x)x)% dK)

dx

o 1
P12 1 )nl{ 2( / 1 / l)l
S———|—= X - Aol¥' (x) | + Ago|¥
2 — 1 (771+1 (x = 1) ot (x) ] 10[¥ (1) |
1
/ / T
+<m—x>2(An|T ()| + Aval¥ (2) |l) }

The proof is complete. [

Corollary 4. In Theorem 5, taking [¥'(x)| < M, V x € [p1, 2], we attain the following inequality

1 1 1
P12 /MT(”) ‘ P12 ( 1 )’"{ 2( )l 2( >1}
Tl - du| < M x = Ao+ Ay ) +(p2—x)2(An+A ,
’ ) o2 =91 Jo  u? o —p1 \m+1 (x —p1)7( Ao + Ao (2 —x)"( A1+ Anz

Theorem 6. Let ¥ : A = [p1, p2] C (0,+00) — R be a diff mapp on A°, where p1, 00 € A with p1 < (o and
Y € L{p1, p2]. If the mapping [¥'|! is harmonic s—type convex for | > 1, L + 1 =1 ands € [0,1] , then

o
’T(x)_ §162 /2T(2Ll)du
P2 =101 U
1

<£1_p;1({22_s]>}{(x— p1)2(W2F1(2m m+1,m+2, il)) <{|‘P/ () "+ ¥ (1) |l}> [

+ (2 — x)? (szl(zm Lm+2,1— m)) ({mf @) [+ [F (02) |l})%}.

2
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Proof. Applying Lemma 2, properties of modulus, Holder’s inequality and the property of harmonic s—-type
convex function of |¥’|!, we have

©
"I’(x)—m/z‘i’(u)du
22— 01 S

P12 2 ! K ! 1%
%—M“ o1) ./o (kon + (=007 | ¥ ((xw(l—x)x))

#lor o2 [ e M (e |
< m;ix_—p;mz (U wrraome®) (L [ (i)

+ pl@pzz(@_zmx)z ('/01 — ,((in K)x)sz> w (./01

< P192(x — p1)? (ﬁ(m +1,1)
P2 — 1 x2m

dx

BN
dK)

) ld") %

oF(2m,m+1,m+2,1— ?))

1
I

([ 1= 0l (0 [ sl (o) e

—x)%/B(1,1
+ a2l — %) (ﬁ( L m) 2P1(2m,1;m+2,1x)>
©2 — " 2

< ([ == 0l @+ [ sell¥ (o) k)

<12l R (B LD o 1,21 - 9 ) (P32 {1 @19 (00 |1})}

©2 — P1 x2m 2 1
- W;z(m@_f)z (ﬁ(l’;%,,f anemim+2,1- ) (PE[{Y @ e er})
<£1@m([22‘5])}{<x— o2 (BT Rt 121 - ) ({1Y @41 (o) |l})}
+(@2X)Z(W2Fl(2m,1;m+2,l “H)({r @i war}) h

The proof is complete. [

Corollary 5. In Theorem 6, taking [¥'(x)| < M, V x € [p1, 2], we attain the following inequality

‘,{,(x) ) /m Y,

o2 — 1 Jp u?
1
91622 2—s|\7 o[ B(m+1,1) o
<12 2-s B B(m+1,1) o
\@2—@12M<{ 2 D {(x pl)( am 2h (2m,m+1,m+2, x)
1/1+m X
+(@2—x)2<18(2m)2131 <2m,1;m—|—2,1_)>}.
2 2

Remark 2. In the previous inequalities, by taking x = w, we attain multiple midpoint type inequalities.

5. Conclusion

In this work, we defined harmonic s—type convex functions and obtained the refinements of Ostrowski
type inequality. The intriguing procedure and amusing ideas of this work can be extended on the coordinates
and strongly harmonic s—type convex functions along with fractional integral calculus.
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