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Abstract

In this manuscript, we investigate the behaviour of additive mappings which satisfy a functional
identity associated with generalized (c, 3)-higher derivations on Lie ideals of a prime ring with
involution. As the consequences of our main theorem, many well known results can be deduced.
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1 Introduction

Hasse and Schmidt [1] were who extended the concept of derivations to higher derivations. More

precisely, they supplied that D = {d,}nen, a family of additive mappings on R, is said to be a

higher derivation (resp. Jordan higher derivation) on R if do = Ir and dn(zy) = >, di(x)d;(y)

i+j=n

(resp. dn(z?) = > di(z)d;(z)) for all z,y € R and for each n € N. It is easy to see that the first
i+j=n

member of each higher derivation is itself a derivation. More related result can be find in [2]. Later
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on, Cortes and Haetinger [3] defined generalized higher derivations. A family F' = (fi):en of additive
mapping of a ring R such that fo = Ir is said to be a generalized higher derivation (resp. generalized
Jordan higher derivation) of R if there exists a higher derivation (resp. Jordan higher derivation)
D = {dn}nen and for each n € N, fp(zy) = _+Z filx)d;(y) (resp. fn(x?) = _+Z fi(z)d;(x))
holds for all z,y € R. Obviously, every generzjﬂized higher derivation is a genejralized Jordan
higher derivation but the converse need not to be true. The converse have been proved in [3] for
square closed Lie ideals of a prime ring. Later, Wei and Xao [4] established this result for a 2-
torsion free semiprime ring. For an account on higher derivations, we refer the reader to [5, 6, 7].
In 2010, Ashraf et al [6] introduced the concept of (6, ¢)-higher derivations as follows: A family
D of additive mappings d, on R is said to be a (6, ¢)-higher derivation of R if dgo = Ir and
dn(zy) = > di(0™ % (x))d;(¢™ ¥ (y)) for all x,y € R and for each n € N. Further, in [5], Ashraf
i+j=n
and Khan have acquanted the concept of generalized (6, ¢)-higher derivations and proved that every
generalized Jordan (6, ¢)-higher derivations is a generalized (0, ¢)-higher derivation on Lie ideals of

a prime ring R.

In [8], Herstein proved that if a simple ring with char(R) # 2 and dim > 4 admitting additive
map d : R — R such that d(zz*) = d(z)z" + zd(z) for all x € R, then d must be a derivation.
Later Daif and El-Sayiad [9] obtained the following result: Let R be a 2-torsion free semiprime
*-ring and F' : R — R be an additive mapping associated with a derivation d on R such that
F(zz*) = F(z)x™ + xd(z*) holds for all x € R. Then F is a generalized Jordan derivation. In
the same manner in [10], Ashraf et al. established Daif and El-Sayiad result in more general
form and proved the following: Let R be a 2-torsion free semiprime *-ring. Suppose that «, 5 are
endomorphisms of R such that a is an automorphism of R. If there exists an additive mapping
F : R — R associated with a («, 8)-derivation d of R such that F(zz*) = F(z)a(z") + B(z)d(z™)
holds for all z € R, then F(zy) = F(x)a(y) + B(x)d(y) for all z,y € R. In 2015, Ezzat [14] have
studied afforementioned results on generalized higher derivations.

Very recently, Husain et al. [11] extended Ezzat result for generalized (6, ¢)-higher derivations on
a semiprime ring with involution. In the present paper, we study above mentioned theorem in the
setting of generalized (6, ¢)-higher derivations on Lie ideals of a prime ring with involution.

2 Preliminaries and Main Result

Throughout this article, unless otherwise mentioned, R will denote an associative ring. A ring
endowed with involution * is called a ring with involution or x-ring. For basic definitions and
notations we refer the reader to [12] and [8]. An additive subgroup U of R is said to be a Lie ideal
of Rif [u,r] € U, for all w € U and r € R. U is also called *-closed if U* = U.

We begin our discussion with following key lemma which will be extensively used to prove the main
result.

Lemma 2.1. [11, Lemma 1.2] Let R be a prime ring with involution with char(R) # 2 and U
be a non central x-closed Lie ideal of R such that u®> € U, for all uw € U. Suppose that o is an
automorphism of U. If there exists an element a € U such that ac(u”) = aa(u) holds for allu € U,
then a € Z(R).

The main result of the present paper is the following theorem.

Theorem 2.2. Let R be a prime ring of characteristic different from two with involution and U be
a square close Lie ideal on R. Suppose there ezists a family of additive mappings F = (fi)ien, of
U into R associated with some (a, B)-higher derivation D = (d;)ien, of U into R, where «, 3 are
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commuting automorphisms on R, such that fn(uu*) = S fi(a™ " (u))d; (8" (u*)) is fulfilled for
i+j=n
each n € N and for all w € U. Then, F is a generalized («, B)-higher derivation on U into R.

Proof. Our hypothesis is

Falww) = Y fi(B" T (w)d;(@" " (u")) (2.1)

i+j=n

for all u € U. Linearization of above expression yields

faluwv™ +ou*) = Z fi(B" (w)d; (a7 (v)) (2.2)
i+j=n
+ > fi(B" T (0)di(@" T (u)

i+j=n

for all u,v € U. Taking v = u*, we get
N (u) + u(u™) =0 (2.3)

for all u € U, where 1, (u) stands for f,(v*) — 3. fi(8"*(u))d;j(a™ 7 (u)). Our aim is to show
i+j=n

Mn(u) = 0 for all w € U. To show n,(u) = 0, we prosecute by induction. If n = 0, then it

is easy to obtain mo(u) = 0 for all w € U. If n = 1, then one can easily prove the result by

following [13, Theorem 2.3]. Now suppose nm(u) = 0 for all w € U, and for m < n. Set A =

2(frn(u(uv™ +vu™) + (wv™ + vu*)u™)). In view of (2.2), we have

A= 20 ) filB" T (W) (@ (we” 4 o)) + fi( BT (wv” + vu”))dj (@ (u”)))
i+j=n
= 20y fi(ﬂ"_i(U))( Y (B (w))dy (! T (v7))
i+j=n pt+q=j

+ 30 (B (0)dy (070" ("))

p+q=j

+ 3 (X AT @) B (")

i+j=n s+t=1i

+ 30 LB @) B W) ) dy (e (w)))

s+t=1

= 20 filf (W) Y dp(B7"a" T (uw)dg (o’ " (v7))

i+j=n p+q=j

+ 0 R8T W) D dp(B TP (v))dg (o’ " (uh)

i+j=n p+q=j

D D0 BT (w)di (0BT (0))d (o7 (7))

i+j=n s+t=1

+ Y D S(BTET ()de(@ T T (W) ds (@ ()

i+j=n s+t=1
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This can be written as

A = 200 iAW) Y de(F T (w))dg (" (v7))

it+j=n pt+q=j
+ ) F(BTH W) D dp(BPa™ T (v)dg (o ()
i+j=n p+q=j

+ Y D fBTT )i BT (0"))dy (@ T (uY)

i+j=n s+t=1
+ D > BT ) (@ T B T () dj (@ (u)))
i+j=n s+t=1
In particular, we have

A = 20 ) fi(B"T (w)dp(a" " ()" (v") (2.4)

i+p=n

+ > [(BT (w)dp (B0 (u))dg (@™ (0%))
i+p+g=n
i+p#n

+ Y flB T (W) (B (v + v7))d(@" T ()

i+jtk=n
+ Y D S8 ()de(@ T BT () (@ ()
i+j=n s+t=1

On the other hand, A can be written as

A = 2(falu(v+ o)) + fa(u’v” +v(u")?))
= 2fa(u(o+o )+ D fi(B"T(W))di (@ (v7))
i+j=n
+ > LBV )dy (0" (u")?))
i+j=n
A = 2(falu(v +0)u") + fr(u®)a™(v*)
+ > R8T W)y (B (1)) dg (@ (v")) (2.5)

i+p+g=n
i+p#En

+ D0 LBTIW) Y dk(@T T (W) dia" T ()
iti=n ktl=j
Compare (2.4) and (2.5) and use the fact that the characteristic of R is different from two, we get
Falu(v +0")u") = = (w)a™ () + D fi(B" T (w)d; (B " (v +v7))di (@ (u))
i+jt+hk=n

Taking v as v — v™ gives

M (u)a” (v7) M ()" (v) (2.6)
In view of Lemma 2.1, we get n,(u) € Z(R) for all u € U.

Next, putting v as v* in (2.2), we obtain
Folwo+o'u®) = Y7 (BT (w)d; (" (v)) (2.7)
i+j=n

+ )[BT )@ (7))

i+j=n
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Replacing v by 2uv in above expression and using the fact that the characteristic of R is different
from two, we get

oW + 0" u*?) = Z Fi (8" (w)d; (@™ (uv))

i+j=n
+ 30 AT ) (0" (u))
i+j=n
= D LB"TW) Y (BT (w))dg (oM"Y (v)
i+j=n pt+a=j
+ > f(BTT ) dy (" (uh))
i+j=n
= > LB W)dp(@" P (w)a" (v)
i+p=n
Y F(BYT (W) dp(Bla (u))dg (" (v)))
i+p+g=n
i+p#n
+ @ u)e (W) + D f(BT (0 )i (o ().
i+j=n

On the other hand, replacement of u by u? in (2.7) gives

f (u v+v*u*2) _ Z fz(ﬁn—Z(UQ)) (o ] Z fz n z * ( n— j(u*z))

itj=n i+j=n
= fulu S R (w)dp (B (w)dy (0" (v))
i+pt+g=n
i#n

Y BB W) B () da T ()

s+t+j=n

s+t#n
+ 30 LB W)@ (W ))a" ()

s+t=n

In view of the last two expressions, we have

0 = ma"@) +(— o w)+ D L @)l (@) )a™(U)

s+t=n

— > SBTT) (@ B (W) T (w) = Y fi(BT (v ) di (0" (u))
s+t+j=n i+j=n
s+t#n i#n

In particular for, v = u gives

M (w)a” (u) = mn(u”)a" (u™) =0 (2.8)
for all uw € U. From (2.3), we have
M (w)a™ (u) + 1n (u)a™ (u*) = 0 (2.9)
for all uw € U. Replacing v by w in (2.6), we obtain
M (w)a” (w) = mn (u)a™ (u”) = 0 (2.10)
for all w € U. Combining above expression with (2.9), we get
M (u)a™ (u) =0 (2.11)
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for all uw € U. Linearization of (2.11) gives
M (w)a” (v) + p(u, v)a” (u) + nn(v)a™ (W) + p(u, v)a" (v) = 0
for allu € U, where p(u,v) = fn(qurvu)f. > fi(ﬂnfi(u))dj(anfj(v))Jr. Z LB () dj (@™ (u))

itj=n itj=n
for all u,v € U. Putting u by —u in above expression and combining with it, we get

Mn(w)a™ (v) + pulu, v)a™ () = 0
for all w,v € U. On right multiplying by 7,(u) and using (2.11) and Lemma 2.1, we get

M ()™ (V) (u) = 0

for all u,v € U. Since " is an automorphism, so we conclude that M(u) =0 for all u € U ie.,
fn@®) = 3 £f(B"H(u))dj(@™ ¥ (u)) for all u € U. Therefore in view of [5] Theorem 2.1, we get

i+j=n
the required result. This completes the proof of the theorem. O

As special case of the above theorem, and which are of independent interests, are the following
corollaries:

Corollary 2.3. [14, Theorem 2.3] Let R be a 2-torsion free semiprime *-ring. Suppose there exists
a family of additive mappings F' = (f)ien, of R associated with some higher derivation D = (d;)ien,
of R such that fo = idgr, and the relation f,(zx*) = Y. fi(x)d;(z™) is fulfilled for each n € Ny

i+j=n
and for all x € R. Then, F is a generalized higher derivation.

Corollary 2.4. Let R be a 2-torsion free semirprime ring with involution. Suppose there ezists a
family of additive mappings D = _(di)ieNO of R, where o, B are commuting automorphisms on R,
such that dp(zz™) = Y. di(a" "(x))d; (8" (z™)) is fulfilled for each n € N and for all x € R.

iti=n
Then, d is a (a, B)-higher derivation on R.

3 Conclusions

This paper deals with the following *-differntial identity f.(zz*) = > fi(a" (x))d; (8" (z*))
i+j=n

on a square close Lie ideal u of a prime ring R, where F' = (f;)icn, is a family of additive maps

associated with («, 8)-higher derivations of u into R. We inferred that F' is a generalized (c, 3)-
higher derivation of u into R.
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