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ABSTRACT

In this paper, we obtain a coincidence point result in cone metric spaces, without appealing the
normality condition. These results extend and improve some known results.

Keywords: Cone metric space; coincidence point; compatible maps; weakly decreasing type A.

1. INTRODUCTION AND PRELIMINARIES

Generalizing the usual metric space by replacing
the set of real numbers by an ordered Banach
space and introduced the cone metric space by
Huang and Zhang [1] and obtained some fixed
point theorems in this cone metric space of
different types of contractive mappings and using

the normal cone. Since then, many authors have
studied Huang and Zhang [1] fixed point
theorems and extended the fixed point theorems
of Huang and Zhang [1] in cone metric spaces
using, with and without the normal cone (see,
e.g., [2-9]). Very recently, W. Shatanawi [10]
introduced the concept of a weakly decreasing
type A and proved some results on coincidence
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point theorems in cone metric spaces, without
appealing the normality. In this paper, we obtain
a coincidence point theorem without using the
normality condition in an ordered cone metric
spaces, which is an extension of the Theorem
2.2 of [10].

Let E be a real Banach space and P be a subset
is called a cone iff

(i) P is a closed and non-empty set and
P # {6},

a,beR with a,b=0,
ax+byeP,
PN(-P)={6}.

implies

(ii).
(ii).

xy € P

For a cone P, and define a partial ordering < with
respect to P by xxvy iff y-xeP. We write x=y to
indicate x<y but x£y , while x<<y will stand for y-
X € int P, where int P is the interior of P. This
cone P is called an order cone.

The order cone P is said to be a normal cone if
there exists a M > 0 such that

O<x<y = ||x|| £ M|| y|| for all x,yeE.

The least positive integer M is called a normal
constant.

1.1 Definition

[1] Let X be a nonempty set. And suppose a
mapping d: X xX — E satisfy the following

() 8<d(xy) and d(xy) = 8 iff x =y, for all
X,yeX,

d(x, y) = d(y, x) for all x,yeX,
d(x,y)<d(x,z)+d(y,z) for all x,y,zeX.

(i)

(iii)
Then (X, d) is a cone metric space, where d is
called a cone metric in X.

1.2 Definition

[1] Let {x,} be a sequence in a cone metric space
(X,d), xeX. If for every ceE with ¢>>6, and Kez*
such that d(x, xm)<<c for all n,m>K, then the
sequence {x,} is called a Cauchy sequence.

1.3 Definition

[1] Let {x,} be a sequence in a cone metric space
(X, d) and xeX. If for any ¢>>0, and KeZ" such
that d(x, ,x )<<c for all n>K , then the sequence
{x.} is said to be a convergent. And we denote
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this convergent sequence, x, —X as n—.
The space (X, d) is called a complete cone

metric space if every Cauchy sequence is
convergent.

1.4 Definition

[10] Let f, T be two self-mappings and (X,E) be a
partially ordered set. If

fxfy, for all xeX, for all yeT™ (fx).
TX cfX.

(a)
(b)

Then f is weakly decreasing type A with respect
toT.

1.5 Definition

[11] let f, g be two self mappings in a cone
metric space (X, d). Then the pair (f, g) is said to
be compatible if for an arbitrary sequence {x.}
cX such that lim,,_,. fx, = lim,_,. gx,= zeX, and
for arbitrary ce int P, there exists meN such that d
(fgx,, gdfx,)<< ¢ , whenever n > m. And
compatible is said to be weakly compatible if fx =
gx = fgx = gfx.

1.6 Definition

[2] let f and g be two self mappings of a set X. If
q = fp = gp for some point p in X, then p is called
a coincidence point of f and g and q is called a
point of coincidence of fand g .

2. MAIN RESULTS

In this section, we obtain a coincidence point
theorem for mappings in cone metric spaces
without assuming the normal condition.

2.1 Theorem

Let (X,E) be a partially ordered set and (X, d) be
a complete cone metric space over a solid cone
P. Let f,T:X —X be two maps such that. Assume
that f is a weakly decreasing type A with respect
to T and f, T are satisfy the following :

d(Tx,Ty) <p d(fx,fy)+ qd(fx, Tx)+r d(fy,Ty)
+s d(fx,Ty)+t d(fy, Tx) (2.1)

for all x,yeX for which fx and fy are comparable,
where p, g, r, s and t are non negative real
numbers with p+qg+r+s+t € [0,1).

442



And also assume that {f, T} is compatible and f, T
are continuous .Then f and T have a coincidence
point in X, that is there exists a point u in X such
that fu = Tu.

2.1.1 Proof

Let xo be an arbitrary point in X, and there exists
X4 €X such that Txq = fx4, since TX<SfX. Similarly,
X, € X such that such that Tx; = fx,.Continuining
this process, and construct a sequence {x,} in X
such that Tx, = fx,+. Since, x, € T'1(fxn+1), neN,
that is, f is a weakly decreasing of type A with
respect to T, we have

fXD ng1 ;sz ;fX3 ...
We have, by the (2.1)

d(Txn, TXne1) <P d(fXn ,PXn+1)+q d(fXn, TXn)
+rd(fXp+1  TXp+1)+S d(fXn , TXpe1)
+ t d(fXn+1, TXn)

<p d(TXn1, TXy)+q d(TXn.1,TX,)
+rd(TXn , TXn+1)+S d(TXp1 , TXn+1)
+td(Txn,TXn)

<P d(TXn1, TXn)+q d(TXno1,TXn)
+rd(TXn , TXn+1)+S d(TXn1 , TXn+1)

<P d(TXn-1, TX0)*+q d(TXnq, TXn)
+rd(TXn ,TXn+1)+S [d(TXn.1 ,TXn)
+d(TXn , TXp+1)

<(p +a+s)d(TXn.1, TXn)
+(r+8)d(TXn , TXns1)- (2.2)
And

d(TXe1,T%n) <PA(fXne1, fX0)+qd(FXnet, TXns1)
+1d(fXn, TXn)+Sd(fXne1, TXq)
+td(an, TXn+1 ),

< PA(TXn, TXn1)+ QA(TXn, TXnsq)
+rd(TXn.1, TXa)+ sd(Tx,, TX,)
+td(TXn-1, TXne1),

< PA(TXn, TXn1)+ qd(TXn, TXn41)
+ rd(TXn.1, TXp)+ t[A(TXn1, TXn)
+ d(Tan TXn+1 )]1

<(p +r +t) d(Txn, TXn1)
+ (q +t) d(TXm Txn+1)- (23)
Now,
2d(TXp+1, TXn ) = d(TXnse1, TXn )FA(TXn , TXn+1 )
<(pHr+t)d(Txn , TXn1)
+(g+t) d(TXq , TXne1)
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+(p+g+s) d(Txn.1,TXq)
+(r+s) d(Txn , TXn+1),

(By the 2.2 and 2.3)

<(2p+ g+ r+s +t) d(Tx,.1, TX,)
+(q +r+s+t)d(TX,, TXps1)-

(2-q-rs- 1)d(TXp+1, TXn)< (2p+Qtr +s +t)
d(TXn.1, TXn),

d(TXn+1, TXn)< (2p+qtr+s+t)/(2-g-r-s-t)d(Txp-1, TXn)
Put, b =(2p+q+r+s+t)/(2-g-r-s-t)<1.
Then we obtain,

d(TXn, TXn+1) <b d(TXn.1, TX,).
Thus, for neN, we have

d(TXn, TXns1) < b d(TXno1, TX) <D d(TXn2, TXno1)
<.. <bn d(TXo, TX1).

Let, n, meN with m > n. Then

m-1
d(TXn, TXm) < 3 0" d(TX;, TXis1),

i=n

m-1

< z b' d(TXo, TX1).

i=n
Since, be[0,1), we have
d(Txn, TXm)< b" /1-b d(Txg, TX{)—8 as n—e (2.5)
Claim: {Tx,} is a Cauchy sequence in X.

Let B<<e be given.

Since, e€ Int P- then there exists a neighborhood

N5(0) = {x€E:|x||< &}, >0, such that
e+ Ng(8)C Int P.

Also, choose a natural number N, such that
b" /1-b d(Txo, Tx4)e N5(8) for all n=N, .

Hence, e-b" /1-b € e+ Ng(8) S Int P.
Thus, we have that for all n=2N;,
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b" /1-b d (Txo, Txy) <<e. (2.6)

From (2.5) and (2.6), we get that
d(Tx, Txm)<<e, whenever nzN;.

Therefore, {Tx,} is a Cauchy sequence in X.

Hence, the claim. gince X is a complete, then
there is a point

ueX such that Tx, —u(as, n —«).
From the continuity of fand T, we have

T(Txn) »Tuas n— = and f(Tx,)—fu as n— .
From the triangle inequality, we get that
d(Tu,fu)<d(Tu, T(Tx,))+d(T(TX,),f(TXn+1))
+d(f(Txn+1).fu)

=d(Tu, T(Txn))+diT(fxn+1),f(Txn+1))
+d(f(Txn+1),fu). (2.7)
Let B<<e be given. Then,
there exists k1 = k; (e ) such that
d(Tu, T(Tx,)) << e/3 for all n2k;. (2.8)

Note that, fx,+1 = TX, —U, as n—«
and TXy+ —U, as n—w,

Since, {T, f} is compatible, then

there exists k, = ky( e ) such that

d(T(fXn+1), f(TXn41)) <<€/3 for all n 2k,. (2.9)

Now, there is k3 = ks( e ) such that

d(T(fxns1), fu) << e/3 for all n = k. (2.10)

Let ko = max {k; kp, ks}.

From (2.7), (2.8), (2.9), (2.10), we obtain that
d(Tu, fu) <<e/3+e/3+e/3 =e.

Since, e is arbitrary, we conclude that

d(Tu, fu) << e/r for each reN. Noting that e/r— 6
as r—, we have that

e/r- d(Tu, fu) — - d(Tu, fu) as r—.

Since P is closed, - d (Tu, fu)e P.
Implies, d(Tu, fu)e PN (-P).
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Implies, d(Tu, fu) = 6.
Therefore, f and T have a coincidence point ueX.

2.2 Remark

If we can choose, s=t= 0 in the above Theorem
2.1, then we obtain the Theorem 2.2 of [10].

2.3 Remark

If we can choose p=kand q=r=s=t=0in the
above Theorem 2.1, then we obtain the following
corollary.

2.4 Corollary

Let (X, d) be a complete cone metric space
and(X,E) be partially ordered set, P is a solid
cone. Let T, f: X—X be two mappings. Assume
that f is weakly decreasing type A with respect to
T, and f, T satisfy the following:

d(Tx, Ty) < kd(fx, fy) (2.11)
for all x, yeX for which fx and fy are comparable,
where k=0 with ke [0,1) . And assume that the
pair {T, f} is compatible T and T, f are continuous.
Then T and f have a coincidence point in X.

3. CONCLUSION

In cone metric spaces, we can get the fixed
points without appealing the normality, which are
more general results than the previous results of
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